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SUMMARY
PY = A
This report summarizes the second year work under the general heading
° of "Effect of Local Material Imperfections on the Buckling Behavior of
Composite Structural Elements™. :
It describes two important areas: one of delamination buckling of 2
° cylindrical shells under axial compression, and second buckling of multie 2
annular plates, which emphasizes the effect of holes and foreign rigid fi
i{nclusions. h
c The findings of the research are reported in two parts. The first part :
(Part A) deals with buckling of axially~loaded delaminated thin cylindrical
shells. The geometry is assumed to be virtually i{sotropic and the size and .
posirtion of the delamination, which exft.ends around the entire circumference :
° of the cylinder, are varied. Moreover, two sefs of boundary condirions are
considered simply supported and clamped. N
“
The second part deals with buckling of mult{~annular plates, made out ;
¢ of different materials, supported in various ways, and subjected to radial
compressive loads. The rigidities of the parts are varied in order for the
analysis to include plates with holes, rigid inclusions, and ring
¢ stiffeners.
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CHAPTER |

INTRODUCT | ON

The use of fiber-reinforced composite laminates is rapidly
increasing due to their excellent undirectional properties and their
high strength to weight ratio. Recently, composite laminates have been
used in space vehicles in the form of circular cylindrical shells, as a
primary load carrying structure. In order to use laminated composite
structures properly and effectively, it is important to predict and
understand their behavior under the different external actions.

Imperfections have a very significant effect on the structural
response and on its load carrying capacity. In addition to the usual
geometric imperfections that are inherent in metallic plates and shells,
laminated geometries are prone to such defects as broken fibers, cracks
in the matrix material, delaminated areas ( separatioin of adjoining
plies), as well as holes and small voids.

Delamination is one of the most common fajlure modes in composite
materials. Delamination is developed as a result of imperfections in

the production technology or due to the effect of certain factors during

the operational life of the laminate, such as impact by foreign objects.
The presence of delamination in a laminated composite material may cause

local buckling and reduction in the overall stiffness of the structure,

which may lead to early failure.

ol ... A T R S - YL e et e
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The problems of delaminated composite structures have received

attention in recent years. As far as the buckling response of
delaminated structures is concerned, an extensive review is riven in

Ref.[1].

The problem of buckling of delaminated cylindrical shells has not,

received the deserved attention. Very few investigations have been
carried out in this area. Kulkarni and Frederick [2] use a 'branched
integration' technique to solve the problem of buckling of a two-layered
cylindrical shell,partially debonded, and subjected to axial
compression. They [2] consider the case where the delamination
originated at the boundary. Results are reported [2] for different
lengths of debonding and inner to outer layer thickness ratios. A
significant decrease in the critical load is observed. The buckling of
stiffened circular cylindrical shells, with two unbonded orthotropic
layers, is reported by Jones [3]. Jones [3] assumes that the layers do
not seperate during buckling, i.e. the deformation of both layers are
assumed to be the same. He also examines the case when one of the two
unbonded orthotropic layers is circumferentially cracked. His results
for a cylindrical shell made of aluminum with ablative outer layer and
subjected to hydrostatic pressure show that the ablative layer had to be
increased by 50% in thickness in the damaged (debonded) cylindrical
shell in order to obtain the same buckling load as that of the perfect
cylindrical shell. Troshin [4] examines the effect of longitudinal
delamination in a Jlaminar cylindrical shell on the critical external

pressure. The delamination is assumed to extend over the entire length

of the shell. He [4], reports on the effect of the length and position




of the delamination on the critical external pressure. .

w. In the present research the study of delaminated thin cylindrical
shells of perfect geometry and under uniform axial compression is
presented.

9 The buckling equations are derived by employing a perturbation
technique. The scolution is of the separated form with periodic
functions in the circumferential coordinate (sine or cosine), and

) complex exponential functions in the axial coordinate.

e e ettt e tmara s

-, . a e T tw e e T " ‘. .l .' . ‘. s -b .A o - - - . - . . . - Te ™ h ‘.

T T I L S P R e e e e o AT v -:ﬁ" D LA L.
PR PP PP PR IR ¢ LGS SSRGS E R R C S R T Y SR MR PRSI D T LR

. . .
VW WU L WA TP TR P Gl Yyl W/ iy Py

>




CHAPTER 1|1

BUCKLING OF DELAMINATED CYLINDRICAL SHELLS

2.1 MATHEMATICAL FORMULATION

The effect of circumferential delamination on the critical loads,
for a laminated circular cylindrical shell and subjected to compressive
axial loading, is studied. The material behavior of the cylindrical
shell is assumed to be linearly elastic. Delamination is assumed to
exist before the 1load is applied, and extends along the entire
circumference of the cylindrical shell, on a surface parallel to the
reference surface (see Figure 1). The Jlocation and size of the
delamination is arbitrary and the boundary conditions are either simply
supporti:d or clamped. Delamination separates the cylindrical shell into
four regions (four thin-walled cylindrical shells), such that each
region is symmetric with respect to its own mid-surface.

The governing equations for the buckiing of the delaminated
cylindrical shell are derived based on the thin shell theory
(Kirchhoff-Love hypotheses), Donell-type of kinematic relations, and the
assumption of existence of a membrane state, before buckling (classical

approach) .

:
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The geometry and sign convention are shown in figures 1 and 2

The <c¢oordinate system s such that x is measured from the 'eft end.
Moreover u, ,v and w_  (i=1,2,3,4) denote the axial,circumferential
1

b i

and radial displacements of the material points on the mid surface of

each region,respectively .

2.1.1 Kinematic Relations

The axial and circumferential displiacements of any material point

(x,2 ) are given by
b S

o
ui(x’y’zi) ui(x,y) - ZL Wi,x

1)

(«]
vi(x,y,zi) =vixy) - oz wi,y

where u° and v° are components of ''middle surface' material points ,
2; is measured from the mid surface of each region and the ccmma denotes
partial differentiation with respect to the index that follows.

The kinematic (Donnell~type) relations are given by

€ £ K

XX xX XX

0

[ € -2 K

yy - vy i yy (2)
€ e 2%

xy Xy xy

- L 4 - -
1 1 1
7

“——teat
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__________

where the superscript ''o' denotes reference strains and the k's denote
the reference surface changes in curvature and torsion.

Note that for each region the reference surface has been placed at the
middie surface . The reference surface strains are defined in terms of

. the displacements as:

] =
= ui,x + wi,x
i

] 2

e - v - w, + . 3

yy, L.y vi/R* R )
v su 4+ v+ w

xy i’y i,x i:x i,Y

and the changes in curvature and torsion are given in terms of the

transverse displacement w ,by:

% =y 4)

i,xy

o . ..'_'.'_ i
LTV {j

Cadhed v dt s 4 .—,
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2.1.2 Stress-Strain Relations :i'
® Each Jamina of the composite she!! can be considered as orthotropic j
with two principal material directions (1 and 2) parallel and
perpendicular to the direcs‘on of the filaments. 3
The stress-strain relations for each lamina are: K
) j
4
- - r -1 ~ -
1 Q1 Y, O €11 J
®
g -
22 Qz  Qp O €22
o 0 0 2Q e
12 33 12
[ 7 N J L
¢
The relation between the elements of the stiffness matrix [Q] and the
engineering material constants (3 , €2 , Gy ,vyy) ,are:
®
Q = - . = \
17 Ff i) ey T By /)
o (5)
%z ™ Byp/ (a5 Qg =6y,
¢
For a general famina (k) with fibers making an angle Bk with the x-axis
then,
( k k
[a}i - [} {,)l:
C
9
(
A e e N, e O e e T e T e e e e s
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-1
@ =01 [4g (7]

where [T] is the transformation matrix [5] .

It is more convenient to deal with stress and moment resultants

rather than dealing with stresses in deriving the governing equations.

The stress and moment resultants are defined by

I . e et et AT e ettt et e e A . .

. R . e e B A I A IR S A S T A L N T MATNG S L te ty el e s . w .- - e e =
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(Y
[ ] [ ]
® M T
h
n
M = z|c
vy vy dz 9
h
o
L J M c
Xy
L ", n ny ,
i i
The stress and moment resuitants are related to the reference
® surface (for each region) strains and changes in curvature and torsion
by
o]
¢ M A -8 £
- (10)
M 3 -D K
I
I=a1,2,3,4
® where
3 o
A, = P ¢ )
- & LT Pl
® .1 ] =(k)
1 k=l
I =(k) 3 _ .3
Dyj =3 %y (i Men)
¢ I L 1=1,2,3,4
In deriving the governing equations,it is assumed that each region of
¢ the delaminated cylindrical shell is symmetric about its mid-surface
hence , there is no coup!ing between berding and stretching , Bij =Q,
¢ 11
(
l-;-'i-;';?‘i-‘i:‘-'}‘i?-21":3‘-:3‘~;:‘~;3;-;3"'.3'-."~}"~2§‘ g e T T T T e L e Y N
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form

P P - o
]Nxx1 Axx Axy 0 1 ‘xx.l
N..| =14 A 0 ¢°
y¥|l =1 %y ¥y yy
0 0 9
| Y | ! ss L Xy
g 1 ud = T
Mxx Dxx ny 0 1 Vo
=1D D 0 -
MY}' = Xy 7y w,?Y
M 0 0 D -w
L XY L ssj | Xy

2.1.3 Equilibrium Equations

The equilibrium equations for a thin cylindrical

belcow
+ N =
X% x
1,x yi P4
N N a 0
Xy
i,x ry i,y
M +2M +M +N /R+N_ w +
Xy xx XYe,xy Y, yy ¥y xx L, xx
+ 2N w + N w =
xy; L,xy yy; Leyy
12
O 3 R N S R

(12-a)

(12-b)

listed

(13)

(14)

(15)

........

A AR S 2 S S LA sl SasatahC S A e s Aot nd bt wasatoa e o =
i

Moreover , only cases where the fibers are in the axial direction and/or

in the circumferential direction are considered,which means that the

stiffnesses A 14,A 23.0 130 43 are zero. Thus , Eqs(10) assume the 1

—tte,




2.1.4 Boundary and Auxiliary Condjtions

Boundary Conditions (at x = 0 , L)

Either or
Nxx'&.xx us=a
nya.ﬁxy v =V
Nxx ,k+ny ,y+2Mxy,y+Mxx,x--x v=a
Mxx.ﬁ;cx v =W

Kinematic Continuity Conditions

at x = 4
u]. - g Y1,x = Y }
“2"'%"1,:{’ Yy
vy T % wl,y =V }
"1+%"1,y ="
Wiom W, Wy
wl,x= z,x’ w3.x
x=4+ a
Yy * g‘wa,x = 2
Uy * g Yo x - 3

13

(16)

a7

(18)

(19)

(20)

(21)
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(22)

(23)

(24)

Continuity in Moments and Forces

at x = &
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)a
|
}
- - .0
® %, "%, T %, (32)
wher
@
Qx = Mxx + 2 Mxy. N Nxx wi,x
1 l,x l’y i
i=1,2,3,4
®
2.2 PRIMARY (MEMBRANE) STATE SOLUTION
- As the compressive load P is applied (quasi) statically,a (membrane)
primary state exists. Assume the initial curvature to be the same for
all the four regions i.e. t << R , Also,assume that a uniform radial
displacement wg is allowed. Then , the primary state is characterized
lo
by:
® o o2 e 2P o ® . =0 (33)
# s TR L C R £ SR & RN €] gi
P
N =
e, ~ Pi (34)
¢ where
P, *P,=-"p ; 92--?1‘5 ,p3=-5§
(
where B is the compressive applied locad ,and h=h/t and Hel/t
15 :
(
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Furthermore,
Ul > - Ei/cxxi X ; V? = 1
(35)
w, = =(§./C
i i xxj_) (Axy/Ayy)i 1=1,2,3,4
A
where 2
o = (A__ - A" /A
XXy ( = Xy yy)i
2.3 BUCKLING EQUATIONS
The buckling equations are derived by employing a perturbation
technique. Since the perturbed state ¢an be chosen to be
infinitessimally c¢lose to the primary state only , first order terms in
the admissible variations are retained.
The following expressions are substituted in the governing equations
P I T -
ui ui+ui H vi Vi 5 w]. i w
Nxx=Nix +N8 sNn, =N . oy sy
i i KXy ¥y Xy Yy o Yy
M}Q{ - M' H = a ; .= 8
i i R4 Yy Yy
a
Q, = Q
xi X,
wnere the super '3’ parameters are referred to the addi tional
changes (that corespond to admissiblie variations uz .vi and wi ). 11

16
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By retaining only linear terms in the additional paramters,

the buckling equations are:

N + N = 0 (36)
ik My
2 a =0 . (37)
in’x yyi,y
a a a
M +2M + M +8 /R -F_ W@ o« (38)
i,xx xyi,xy yyi,yy yyi =, i,xx 0
In terms of the in-plane and transverse displacement(u,v,w) , the

buck!ing equations take the form

w + a
:oci i, xexx 2(ny.“zuss):i_ w

+ D W,
1,xXxXyy Y}’i i,yyyy

+N v -{ a u, _+ A v ooyl =
XX, L,xx xy, Yt T by S J/RI/R =0 (39)
Loui+l, vi=a W? g (40)
i i i xyi i)x
L u? + L v3 = A w? /R (41)

17
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where the differential operators L l'L zand L3 are given by
Ly=a_03%/0x2 w4 o2, .2
X ss (o} / cy

L, = 2
2 (Axy+Ass) 3% / axay

- 2
L, Agg 97/ axz + Ayy 32 / ayz

I3

Equations {40),(41) can also be written as:

a 3 ad - a3 faxayt 1 wiiR
Li ui = ASS. [ Axy. a /ax yyi 1
i i
i.e
a _ -l kI 3 2q _a
ul =L lAssiEAxyi 3° X7 - Ayyi 27 /axdy”] wi/d (42)

3 3 2 3 2
L, v, = . - -
i Vi EAyyiAssi /3y (Axyi +AxyiAssi A iAyyi)a /3x“3y] w£7R

- 3 2
Yy 834 XYy KY-ASSi AxxiAyyi)a [2x"3y] wi/ny

(43)

18
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where

— 4 4 2 4

L, =a_4a 23 /Px - - 2.2 4 500

i xx, fss, /9% (Axy+2AxyAss AxxAyy)iB /2x“3y +AyyiAss.a /3y
1

Equations (42 ) and ( 43) are used to eliminate gy and vy from Eqg.({(39)
to obtain one(buckling) equation with higher order derivatives in the
transverse deflection Wi o

Thus, the buckling equation for each region , i , becomes

[{a & 2% /axt - (a2 3 4 2 4 4
xx, Yas, /3% (Axy+2AxyAss Ax'xAyy) ia /ax23y +AyyiAssia /3y }

4 4 4 2. 2 4 4 2 2
X {Dxxia /3% + 2(ny+2Dss)i 3 /3xRy” + Dyyia /3y + Nxx.a /2%
i

+ A _a
SSi XX LAy

o

2 b oa be 2,2
y Axy/Axx}ia /3] Wwi/RT =0 (44)

i=1,2,3,4
The related conditions are grouped into three categories : Boundary
Conditions , Kinematic Continuity Conditions and Continuity in Moments

and forces.

19
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Boundary Conditions:

Along each end of the cylindrical shell four boundary conditions
have to be satisfied. For both simply supported and clamped

boundaries,the following possibilities hold (Ref 6 ) :

a) Simply Supported

ssl waw? 2y 2N Lo
j jo¥X xx xyj
a a a a
§52 w, =W = u’ =N = 0
b Jaxx J XY 3
(453)
ss3 wauw? a2y = y¥aop
J ], XX XX ]
556 R T
] J XX J ]
b) Clamped Support
a _.a _.a _g.a _
CCI Wj wj ,X h X% ny ) 0
J
cc2 wiaw? = y? 2y ag
J J.x i ‘xyj
(46)
cc3 wi=wl a2y 2?2
] J,x XX . ]
]
CcC4 wlaw? = w? = vi =0
J 1,X J J

where j=1 at x= 0 and j=U at x= L
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.
Kinematic Continuity Conditions
g at x= 4
a h a _ 3
u¢ - - w =
1,x 2
® 127, % @
a H . a - a
uy * 3 Y1,x 43
a _ h w? a 3
Vi T2 1,y 2 } “8)
a . 3 a va
vit2¥1,y 3
a a a %9)
W1.= wz = w3
a a
= = 50
wltx w2,x w3,x ( )
at x= £ +a
ua - b wa - ua
4 2 4,x 2 } es1)
a H a a
A M 2 w&,x u
a _ tl wa - Va
Va T 3%,y T 2
(52)
a H a a
v, * 3 wa’y v
G = Wy = 53
W(‘ Wz w3 ( )
a - a - a 54)
w4’x wz,x w3,x (
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v,

Continuity in Moment and Forces

)

a a a a h H
M - M -M - N 248 a2 55
0y xx, xx, x, 2 xxy 2 (53)
a a a
N - - =
xx, Nxxz Nxx3 0 (56)
a a a
N - N - N a Q 57
Xy, Xy, Xy, 57)

F G - - @ =0 (58)
;",

L at x=4 +a
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2.4 SOLUTION_OF BUCKLING EQUATIONS

r The solution of the buckling equations ,Eq. (44 ) ,can be written as
(61
A 3_ (251111/2
o 8 LR Po,, 't 2g
wi - Z Aij e sin S Y( 11- /z (63)
J=1 Ong 1

J. where

E, t

[o] -
e NS
1 (1=v5 V)

:U'n-

)‘ij are the characteristic roots of the buckling equation, and can be

found by solving the following equation:




Note that for continuity of displacement around the circumferential

direction

where n is the number of full waves in the circumferential direction.
Ailso note that n must be the same for all regions ,for continuity of

displacements to be satisfied .

Using Eqs( 42),(43) & (63) , the displacements , stress and moment

resultants are expressed in terms of lij ' siand Aij as follows:

A A
Y 4,2, ¥Yy &2
[(Axx Ay (%), s{l A
3 ] 2)7 XX
u = I (Y Fr,) W (65)
175 E 13 s

Aiy > Axy Ass T xx y 2 A 2
[ - L) g« () sils
' 8 et xx "ss J xx t 1 y
e b e c
f(xij) (66)

where

y fll ] Aiy * any as Axx Yy 2 2
el ) =gy = (G s+ )i 2y 8%

XX XX ss
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®
i X (2 E11)’/z
iJ R i ¥
Wy = Ay e et sin [n R]
o
X 3_(2311)‘/2
- iIJR Yo 1 Y
Wo = Ay e et * cos (n R)
AZ
o (a,, = 2%,
1 8 ¥y Axx 12 s2 W 67)
Nee =7 L fUUJ 13 %1 s (
i J=1
¢
2
A
(a,, = %),
1 8 XX 3 :
nyl - §J§1 r(xiJJ Ay Sy W (68)
[
HQ Dxx 2E 8 D
i 11 X 2 2
M = (), 1[G, s2-42 ]w (69)
xxi R % 1 5o Dxx i71 ij 3
C
XX, o 8 D.+20D p.
1 el 3/2 2 X ss 2 i
Q = - —{5o—) Loa gy - Jys{+2=—]w (70)
i R ‘2 4 i Jut 13713 Dxx i 71 gx K]
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The solution to the buckling equations, Eqs(63), requires knowledge
of 32 constant (Ajj,i=1,2,3,4 ,j=1,2,3,...8). There exist 32 boundary
and continuity conditions, which are homogeneous in ug . vy and wy and
their space derivatives. These consist of eight boundary conditions,
four at each end, Eqs(45) or Eqs(46), sixteen kinematic contiauity
conditions, Eqs (47)-(54), and eight continuity conditions in moments and
forces, Eqs (55)-(62).

The use of the above system of boundary and continuity conditions
yields a system of Iinear, homogeneous, algebraic equations in Aij .

The resulting system of equations takes the form

tc1 {x}= [o] (71)

where [C] is a 32x32 matrix and {X} an 1x32 (column) matrix. The
elements of matrix C are given in appendix A. Ffor a nontrivial solution
to exist, the determinant of the coefficients must vanish. The
determinant contains geometric parameters (L,R,a,h), material parameters
(511 1Egp 4Gpp 'V12)’ the applied load, p, and the circumferential wave
number, n.

For a given geometry and material properties, the circumferential
wave number (n) is varied and the corresponding load which makes the
determinant vanish is obtained. The Jlowest of these loads is the

critical load.
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2.5 RESULTS AND DISCUSSION

Buckling analysis of delaminated cylindrical shells involves many
geometric and material parameters. Also, as is well known, the
different inplane boundary conditions have a significant effect on the
critical load of the cylindrical shells. Therefore, general results,
which account for all the effect of the different parameters on the
critical load of the delaminated cylindrical shell, require several
extended studies. Accordingly, the results presented herein are
restricted to specific numerical examples in order to illustrate the
applicability of the present model.

In generating results for the present model, it is assumed that
there is no contact between the two regions across the delamination at
the instant of buckling. Otherwise the problem has to be treated as if
a cylindrical shell is resting on an elastic foundation (not attached to
the foundation). A model for accounting for thin behavior is suggested
in Appendix B.

For a given configuration, the critical ioad, p, is determined as
the smallest eigenvalue'that makes the determinant of the coefficients
of the system of homogeneous algebraic equations ( see Eq.71) equal to
zero. The circumferential wave number is varied in order to determine
the smallest of the eignvalues.

Results are generated for a cylindrical shell made up of isotropic
laminate, and for both simply supported and clamped boundary conditions.
Since for each type of supports (simple and clamped supports) there are

four types of boundary conditions, results are generated for the weakest
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and for the strongest configurations, which are known as SS1 (w = Wk ™
% = Txy = 0) and CCh (w =w y=u=v=0), respectively. The
boundary conditions are assumed to be the same at both ends, i.e. both
ends are SS1 or CCh. The dimenstions of the cylindrical shell are such
that L/R=5, and R/t=30, where L, R and t are the length, radius and
thickness of the shell,respectively.

Figure 3 shows the effect of delaminatiand length and z-position on
the critical loads of a simply supported cylindrical shell (SS1). The
delamination is assumed to be located symmetrically with respect to both
ends of the shell. The critical loads are normalized with respect to
the critical load of the classical theory. The figure shows that for a
delamination in the middle surface of the cylindrical shell, the
delamination has a negligible effect on the critical loads as long as
the delamination is far from the edges ( effect of position with respect
to the edges will be discussed in another figure ). As the delamination
moves away from the middle surface of the shell, its presence becomes

important. For a delamiation thickness h = 0.3, the delamination has no

effect on the critical loads, as long as the delamination length is
small (3 <.04). As the delamination length increases the critical load
decreases and it approaches asymptotically a value, which s,
approximatly about 60% of the critical load of the perfect

configuration. As the delamination becomes thinner and thinner, a sharp

drop in the critical load is noticed at a very small delamination length

( @a=0.01). This drop in the critical load continues till it reaches
a constant value ( 20% of that of the perfect shell ), at a value for

the delamination length paramter of 3 = 0.1 .,
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Figure 3 Effect of Delamination Length on the Critical Loads

of a Cylindrical Shell with Simply Suppoerted tnds .
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The effect of lengthwise delamination position on the critical loads
is also studied. Figure L presents results for 3 = 0.1 . For
delamination thickness h < 0.3, the delamination position, L, has no
appreciable effect at on the critical loads. For thicker delaminations,

h > 0.3, the position of delamination has an important effect on the

} critical load, and this effect increases as the delamination thickness
increases. For instance, a reduction of about one third in the critical

!: load is noticed for a delamination near the edge (by comparison to the
1 critical load of a delamination far from the edge ; L > 08), for a
; delamination thickness h = 0.5 . The position effect decreases as the
] delamination thickness decreases. Figure 5 shows the effect of both

delamination length and position on the critical load of a delaminated

cylindrical shell, with the delamination located at the mid surface of
the shell (h = 0.5). For a moderate delamination length, 0.1<3 <0.2, it
seems that the effect of deiamination position is approximately the same
for bothe values of delamination lengths (@ = 0.1 and 0.2 ). For
shorter delamination length, the critical load decreases as the
delamination moves away from the ends of the shell and it reaches a
minimum at a value of £ in the range 0.0L4 > L > 0.02. The exact value
of L at which the minimum is reached depends on the delamination length

parameter, a. As the delamination length parameter becomes shorter and

shorter, (a < 0.02), the effect of delamination position can be ignored.
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A similar set of curves are obtained for ¢ lamped boundary
conditions. The effect of delamination length on the critical loads of

a symmetrically delaminated cylindrical shell, for different values of

PV

2
A

the delamination thickness, is shown in Figure 6. This figure,

loads is observed. For example, a drop of about one half of the

~

o illustrates that, only for very small values for the delaminariun length 'i
(@ <« .01), the delamination has no significant effect on the critical z

loads, regardless of the value for H. For larger values for the Z

[ Y delamination length parameter, 3, a noticeable drop in the critical -‘1

critical load ( of the perfect shell ) is observed at a delamination

thickness parameter, h = 0.5. The drop of the value of the critical

‘ -
load is more severe for thinner delaminations. For instance, the .*
critical load is only 10% of the critical load of the perfect shell for j
delamination thickness h = 0.1 with delamination length 3>.07. -
¢ Unlike the simply supported case, the position of delamination
w.r.t. the edges of the shell with clamped ends, has virtually no
effect on the critical loads, for delamination length a = 0.1,
® irrespective of its thickness, as shown on Figure 7.
The effect of delamination position on the critical loads of a i
delaminated cylindrical shell with the delamination located at the i
L middle surface of the shell, for various vaiues of delamination 1length ?
is presented on Figure 8. It is observed that for moderate delamination 2
lengths (3 = 0.1 and 0.2) the position of the delamination has no effect R
. on the critical loads of the shell. On the other hand, for short é
delaminations (2 = .05), the critical load decreases as the delamination 5
moves away from the edge of the shell. j?
( .
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Figure § Effect of Delamination Length on the Critical Loads A

of a Cylindrical Shell with Clamped Ends .
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Figure 7 Effect of Delamination Position on the Critical Loads

of a Cylindrical Shell with Clamped Ends .
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A comparison of the results on Figures 3 and 6, shows that, for
moderate and large delamination lengths (3 > 0.1), a delaminated
cylindrical shell has the same critical 1load, irrespective of the
boundary conditions (simply supported or clamped) and this critical load
paramter is approximatly equa' to h. The explanation of such results is

that for such delamination length paramter (3 > 0.1), the thin region

(delaminated part) buckles while the main body of the cylindrical shell

remains straight (has no appreciable bending deformation), i.e. the

st

thin part buckles as if it had a clamped boundary condition,

irrespective of the type of supports of the main cylindrical shell.

Figure 9 shows a plot of the critical load parameter for region 3

(the thin region) versus the characteristic length of region 3 (L3 = 3 /

VR h) for a very thin and long delamination (h = .02, 3 = 0.6), for
clamped boundary conditions. The main purpose of presenting this curve
for this configuration (very thin and very long) is.to check a limitting

case, which is similar to the thin film analysis of the delaminated
plate. As expected the obtained curve is similar to the one obtained by
Hoff [6] for the critical loads of a cylindrical shell with CCk boundary

conditions.
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2.6 CONCLUDING REMARKS

The investigation of the problem of buckling of delaminated -

cylindrical shells leads to the following observations:
1) For symmetric delamination (delamination located symmetrically w.r.t.
both ends of the shell) the critical load is independent of the boundary
conditions as long as the delamination length parameter, 3, is greater
than 0.1 ., For this case, @ > 0.1, the critical load depends only on
the delamination thickness parameter, h.
2) For <clamped boundaries (CC-L4), the position of delamination w.r.t.
the ends of the cylindrical shell has no effect on the critical load for
'Y moderate and large values of the delamination length parameter, 3>0.1 .

As the delamination length becomes smaller, the effect of position of

delamination becomes more pronounced, and the critical load increases as {
® the delamination moves towards the clamped ends .
3) For simply supported boundaries (SS-1), the position of delamination
w.r.t. the ends of the cylindrical shell has a significant effect on
the critical load, even for small values of the delamination length
parameter. Unlike the case of clamped boundaries, for simply supported
boundaries ( with @ = 0.1 ), the critical load decreases as the
delamination moves towards the edges of the shell boundary as long as
the delamination thickness, h, s greater than 0.3, otherwise, the

change of delamination position has a negligible effect on the critical

load for smaller values of the delamination thickness, h < 0.3 .
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APPENDIX A
CMARACTERISTIC EQUATIONS OF DELAMINATED >
CYLINDRICAL SHELLS
The solution to the buckling equation , Eq.(44 ), can be written in
the form : 4
. g R Tog, 7t ‘1(2511)y
[ W, = A . e sin s 2
.F 1 j=1 iJ iR op & 4
5 Use of the proper boundary and continuity conditions leads to the system
L' of linear , homogeneous algebraic equations
[cl{z} =0 -‘

where [C] is a 32x32 matrix and {X} a 1x32 (column) matrix.
T
("=t 81178120813 8140 815081678177 818° 891 800089378540 A05 080608075 400,
B3178390899083, 083558060850, 8000 800 08,908,358, 08,508, 04,204, o]
The general element of the matrix (el is c¢c. . . In defining the

ij
elements Cij two parameters (r,q) are used, and defined as

for j =1,2,3 ... 8, r=l and q=j

j =9,10,11,.. , r=2 and q=j-9
j=17,18,...246 , r=3 and q=j-16 #
j = 25,26,...32 , t=4 and q=j-24

Also we have, .
Cija 0 for i=1,2,3,... 16 and j =25,26,... 32 ﬁ

and for i=17,18,19...32 and j=1,2,3,.... 8

; .
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-------
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Moreover, the following parameters are defined as
VU = ﬁ(l-vlzvn)
® et~ £p=ich t,=h
§=1 for r=1 or &
=-]l for r=2 or 3
=D  / (Qu. t_/12)
T xxr 11 4
® r=1,2,3,4
8> Axx / Qll t:r
r
4 4 2 2 2
. D, = qu + (Ayy/Axx)t Seq * {(Axy-v-ZAxyAss—AmAyy)/AxxAss}qusrq
2 B ¥
. - equ i(1./!{) (R/t)f[lz(l "12"21)]
13 i=1,2,3,... 32
° j=1,2,3,... 32
where £, =0  for 11,2,3,4
=L  for 1=5,6,7,... 16
« L+T for i=17,18,.. 28
=1 for 1=29,30,31,32
®
5 X
= +
u : {(Axy/Axx)r rq (Ayy/Axx)r Srq} / D,
L] 2 2 2
= -A A
¢ Wyt {r (Axy-l-axyAss A yy)/AssAxx]r )\m+(Ayy/Axx)l_sml}srq/nj
2 .2
xx.»t A- S° /D,
N2 3® B Ceq g j
) 3
= A
nyj tr rq srq / Dj
wicx = t2 £ {(D_/D_)_ s> I
j rr Xy xx'r rq rq
( 3/2 ) )
= A .
ox, =g £ A { qu-{ (nnyran)/Dxx]r Seq * » /£ ) :
K
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The elements of the matrix [C] are obtained by multiplying each

: b .
: of the following elements (cij) y eeij « Cijy = egy X ¢4y ) .
ﬁ{
_ 1y = 1 j=1,2,3,... 8
- = 0 j=9,10,11,.. 24

= A j=1,2,3,... 8

‘ =0 j=9,10,11,.. 24

]

c;} = uuj j=1,2,3,.. 8

= 0 j=9,10,11,.. 24
*

cl¢j Wj j=1,2,3,.. 8
=0 j=9,10,11,.. 24

cSj = § i=1,2,3,.. 16
=0 j=17,18,... 24
= % i=

6 5 qu/tr j=1,2,3,.. 16
=0 j=17,18,... 24

c7j = yv + h wsr i=1,2,3,.. 8
= -vvj j=9,10,11, .. 16
= 0 j=17,18,.. 24

c. . ®uu-hwi j=1,2,3,... 8
85 3 rq °
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= -uu, §=9,10,11,.. 16
L = 0 j=17,18,19,.. 24
3
-
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\
Co, = 1 j=1,2,3,... 8
9
° 3
=0 j=9,10,11,.. 16
= -1 j=17,18,19,.. 24
o chj = )\lj j=1,2,3,.. 8
=0 j=9,10,11,.. 16
- oA/t j=17,18,19,.. 24
rq
o
c11j vvj - Hw Srq j=1,2,3,... 8
=0 j=9,10,11,.. 16
= - wj j=17,18,19,.. 24
¢
€123 a uuj + H w klj j=1,2,3,... 8
=0 j=9,10,11,.. 16
- - uuj j=17,18,19,.. 24
= 6 j= sa e
c13j Nxxj j=1,2,3, 24
STTRAR 7 j=1,2,3,.... 2
c15j = Mxxj j=1,2,3,... 8

2 - Mxxj - h(vv/l-v12v21) g, Nxxj

j=9,10,11,.. 16

= - Mxxj + H(vv/l-vlzvzl) 8, Nxxj ‘
j=17,18,19,.. 24 3
PPN j=1,2,3,... 2 !
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...........
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c175 0 j=9,10,11,.. 24
=1 j=25,26,27,.. 32
*
c18; 0 §=9,10,11,.. 24
- ‘4j §=25,26,27,.. 32
* L0 =9,10,11,.. 24
c19j J
- uu, §=25,26,27,.. 32
*
= 0 =9,10,11,.. 24
cZOj 3
= v j=25,26,27,.. 32
2y ” -1 j=9,10,11,.. 16
=0 j=17,18,19,.. 24
al §=25,26,27,.. 32
B = % -
€223 qu/ t: §=9,10,11,.. 16
=0 j=17,18,19,.. 24
=\, j=25,26,27,.. 32
43

- €33 = 7V j=9,10,11,.. 16

- = 0 j=17,18,19,.. 24

- vy, +hws j=25,26,27,.. 32

P, wJ rq ]

.

o €24 = - uu j=9,10,11,.. 16
=0 §=17,18,19,.. 24
= uu, - h v A j=25,26,27,.. 32 ¥ |

3 rq
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5
R
¢ 0 9,10,11 16 ‘1
€255 © 329,20, ]
-5 j=17,18,19,.. ]
® c261 =0 j=9,10,11,..
= % =
R j=17,18,19, ..
€375 = O j=9,10,11,..
° - - j=17,18,19, ..
=vv, = HW § j=25,26,27,..
] rq
| ¢p8 = O §=9,10,11, ..
¢ - - uu j=17,18,19, .
= yu, + HW A j=25,26,27,..
] rq
=5 Nxx j9,10,11,..
° czgj j J ’
c30y = & &Y, §=9,10,11,..
c31j = - Mx::j - h (\N/l-vlzvn) g, Nxxj
o

j=9,10,11,..

o e + 1~
Mxxj H (vw/ v12v21) 33 Nxxj

j=17,18,19,..

j=25,26,27,..

e32q = & O, 4=9,10,11, ..
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The above elements (Cij) corespond to the clamped supports case of 1

cc-4 . For simply supported boundaries of §S-1 the elements with the

super star "% must change to ,

2

Zj = Klj j-1,2,3,.. 8
=0 j=9,10,11,.. 24

34 = Nxx. j=1,2,3,.. 8
= Q j=9,10,11,.. 24

c = Nxy. ji*1,2,3,.. 8

4] Y 3

= Q j=9,10,11,.. 24
c18j= 0 j=9,10,11, .. 24
- haj j=25,26,27,.. 32
= Q j=9,10,11,.. 4
°19j j=9 2
= Nxxj j=25,26,27,.. 32
CZOj 0 j=9,10,11,.. 24
= nyj j=25,26,27,.. 32
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APPENDIX B
i.
COLUMNS PARTIALLY SUPPORTED
® BY ELASTIC FOUNDATION
Structural elements supported elastically along part or along their
entire lengths are used very offen in structure confinurations. The

L elastic supports may be a foundation as in railroad tracks, or adjacent
elastic structural elements such as in stiffened plates and shells [7].
Moreover, elastic supports can also be found in delaminated structures

¢ when the delaminated region {or part of it) deforms towards the main
body of the shell.

Although there are many models to represent the elastic support

° (which will be referred to as the elastic foundation from here on),
[8-13], the simplest of all these models is known as the Winkler
foundation [8].

The considered elastic foundation is assumed to be of the Winkler

o type [8], where the foundation is approximated by a series of closely
packed linear springs, and the foundation reaction at any point s
proportional to the deflection at that point.

( A column of total length L, has parts of length [ » which are
surrounded by the elastic foundatiopn, so that the elastic foundation
has the same lateral deflection as the column, for these parts. The

{ rest of the column is not supported elastically (see Figure B-1).

(
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The buckling equations that govern the behavior of the two regions (with
S and without the elastic foundation) of the axially column are :
p 3
— 4 a— = -
w' + 1 w,xx =3 w 0 (B-1)
0< x< 4
L]
W +..P. w s 0 (B’Z)
yxxxx  ET  xx
< x< 1
® wher 8 is the modulus of elastic foundation
The solution of the buckling equation, Eqg.(B-1), takes one of the
< following three forms ,depending on the value of the load parameter (7
- p/Z\/BEI) , (for details see Ref.39)
Case 1 :
y>1
® W = bl cos klx + b2 sin klx + b3- cos kzx + b4 sin % % (B=-31)
where
2
k, = (B/EI)!‘ oY - JY -1)lj
p +
® Case II
Y =1
Wy = b1 cos k3x + b2 sin k3x + b3 X cos a3x + b4 x sin k3x
] (B-3il)
where ¥
k, = (B/ED)
3
Case [1II
(] vy <1
- (s+it)x -(s+it)x (~s+it)x (s-it)x
Wy b1 e + b2 e + b3 e + b& e
( 13
where (B-31il) -
s=(B/E1)k\/(1-Y)/2'
t + -
. 49
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The solution of the buckling equation, Eq.(B-2) , is of the form

Wy = a) cOS kx + a, sin kx + a x + 3, (B-4)
L> x>z
" where
k =« p/EI
The related boundary and continuity conditions are

Boundary conditions

Either o
= w ' .E- =
w=0 o TEL x T O
(8-3)
w,x =0 w,xx =0
Continuity Conditions (at x=4)
wl = Wz
wl’x= wz’x
(8-6)
w = w

w = W
1, xxx 2,%x%x

The solution of the buckling equations, Egs.(B-3) and (B-4) requires

knowledge of eight constants (b; sa: , i=1,2,3,4) . There exist eight

}
boundary and continuity conditions . The use of the boundary and
continuity conditions yields a system of linear , homogeneous |,

algebraic equations in b

i and a; . For a nontrivial solution to exist

the determinant of the coefficients must vanish.
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Results are obtained for axially compresed columns with simply

supported boundary conditions. The same solution scheme is also used to

L
obtain critical loads for a simply supported column with one (two) third
of its total length elastically supported. Moreover, resuits are
presented for columns divided into four.equal parts, two of them being
¢ elastically supported.
The obtained results ar~ presented graphically on Figures(B-2) and
o (B=3). On Figure (B~2) the critical load, normalized w.r.t. Pe (pE-

TTZEI/L2 ), for a column with part of length 4 , attached to an elastic
foundation, while the rest of the column is not. As the length of the

portion of the column which is attached to the elastic foundation

increases, the critical locad increases. Of course all the curves lie
between the two limiting cases, the straight line, P = 1.0, which
corresponds to the caie where there is no elastic foundation at all, and
the curve presented by the broken line ,which corresponds to the case
where the column is fully supported by the elastic foundation.

Figure (B-3) presents the c¢ritical load parameter, P versus the

cr
normaiized moduius of foundation, 8 . On Figure(B-3), the column is
assumed to be devided into equal parts (two,three and four) and one
(two) part(s) of the column is elastically supported. These curves are
obtained primarily to have an (approximate) idea about what changes are
expected to happen to the critical load of the delaminated cylindrical
shell, if there is a contact between the two regions across the

delamination, As the resuits of Figure(B-3) show, the value of the

critical load depends on the wave number, the dimension of the

structural element, as well as on the (equivaient) modulus of foundation

.,
LA

)
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of the element. All the parameters, that affect the critical load, can
be found for a specific material, except the moduius of foundation which

has to be determined experimentally.

o

W
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1. INTRODUCTION

The stability of multi#annular plates is being considered, Most
researchers investigated the buckling of a single annular plate (with or
without a rigid inclusion) when subjected to, primarily, a uniform stress
field.

The elastic stability of an annular plate subjected to shear forces,
distributed along the edges, was corsidered by Dean [1]. Stability due to
bending moment caused by initial stress was considered by Willers [2].
Federhofer [3,4], Olsson [5], and Eggar [6] dealt with the buckling of
annular plates of varying thickness. Stability analyses under a uniform
compressive load were considered by Olsson [7], Schubert [8] for clamped
and simple<supported plates, respectively, and by Yamaki [9] for various
boundary conditions. Yamaki showed that under some B.C.'s the axisymmetric
mode does not yleld the lowest critical load, and therefore higher modes
must be investigated.

Meissner [10] dealt with axisymmetric buckling of an annular plate,
simply#supported or clamped at the outer boundary and free at fthe inner one,
Most of the above references used Bessel functions to solve the buckling
equation. Mansfield [11] dealt with an infinite circular plate with a
hole supported along two concentric circles and subjected to radial inplane
loading along the inner circles., The solution achieved was of the closed
form. The same f.ype of problem was considered by Bareeva [12~14] and by
Lizarev [15~17]. Bareeva [12#14] analyzed a single annular plate with a
very rigid ring at the outer boundary. A power series solution was used.
The results are given for the first and second modes only. Lizarev [16+17]
employed fthe hypergeometric function for formulating the general solution.

Results are shown only for the first and second modes. A comparison of
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theoretical and test resulrts was presented by Majumdar [18] for a single
annular plate. The solution for the first two modes was achieved by using
Bessel functions. For the other modes, a Galerkin procedure was employed.
The convergence of the Galerkin solution is limited to 0.2 < r jpper”/
P outside < 0.6.

Tie resulrs appearing in the above references are usually limirted ro
the first two modes and are only applicable to a single annular plate. The
resulrns are so limited because of difficulties in the mathemarical
formulation and the employed solution schemes.

The present investigation deals with the buckling problem of a
multi~annular circular plate wirth different material properties and
thicknesses. The in*plane loading is axisymmetric and many combinarions of
transverse and inplane boundary conditions are considered.

The stability analysis employs a power series type of solution to
describe the buckling modes (functions). The power series method is used
because of its applicability to the various B.C.'s and different properties
and because 1t enables a general formulation for the multi~annular problem
(buckling analysis).

The described formulation and solution procedure are general. Resulrts
are presented only for solid and annular circular plates. The manuscript
outlines rhe basic assumptions, the solution scheme, and the principal
parameters affecting both cthe critical load and the type of solution. The
complete mathematical formulation 1s decribed, with derail.

The mathematical formulartion is based on the following simplifying
assumpt.ions:

(1) The material 1s linearly elastic, sarisfying Hooke's Law.

{(11) The propertles are constant. within each annular sect.ion.
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(111) The stresses are smaller than the proportional limit.

(iv) The usual Kirchhoff»Love hypotheses are applicable.

(v) Each annular section of the plate is thin (the ratio of thickness to
outer radius is small by comparison to one).

(vi) The deformation gradients and the rotations are small.

2. ANALYSIS OF A MULTI-ANNULAR PLATE
The buckling analysis of multi annular, thin plate, subjected to
axisymmetric loading, is described by the solution of the following

equations for each annular part (see Appendix A.3).

[o] o]
(rNrr)’r Nee =0 (1)
[o]
Neo,9 = ©
W W
y o) o '90 'r
DVw-= Nep "oop * Voo ( 2 t T ) (2)

o
66

circumferential directions, respectively; w is the fransverse

where N:r, N are primary state stress resultanfs in the radial and
displacement.; ( )’r » ( ),e are partial derivatives with respect to radial
or angular coordinates; and D 1s the flexural rigidity.

Egqs. (1) govern the primary state. The other equation, Eq. (2), is
rhe buckling equation and is derived through linearization of the

transverse equilibrium equation. The primary state is first solved for the

), in Eq. (2), leads

entire plate. Then, use of these solutions (N:r’ Nge

to the buckling analysis. ;

sdanilod i
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2.1 Primary State

The governing equilibrium equations of the primary state, for each
annular section, are given by Egs. (1). The inxplane stress distribution
(see Fig. 1) is determined through in-plane equilibrium, Eq. (1), and the
following in®*plane displacement and force continuity conditions of the

adjoining boundaries (of neighbouring annular plates):

1 T i1t
(3)
(o] o]
NPY‘ =N

1i Pris14
where:

d{{» 2i{{+1 are the radial displacements of plates { and i+1 ar the
common joint, {1,

Nrro y N ° are the radial stress resultants at joint i of plate i and i

11 Tt

+1,

The stress distribution is derived by using the stiffness approach

(for derails see Ref. 20). The equations, using matrix notation, are:

Su=p, (4)

where: S {s the stiffness matrix (s,,] %,j =0, 1..., N-1;

L3

4 is the displacement. vector at the various joint, [ugJ;

Pe 138 the boundary stress resultant vector af various bounding

circles [pe ]; and %,J are integer subscripts
2

The sign convenftion for displacements and forces is described on Fig. 1.
The srtiffness matrix i{s not symmetric and the relation between the

of f~diagonal terms is:

S

“ LRSI S RN
PR PR . . SR N I . PRSP I N P MU s P A R -t .. .
lalta el PP ALIPLIPL NS NP DL I AP S I SIS S NI I AP S R s IR T P iy iy T Y




AR A Thih RalCat i i A S dihih e Y AL AL S UL AN ot st i) o puiinon Jhate Jame Gase Mt Jhoes Moot Mot st Bhasc Jhune-te Sane i

.......

r-zsﬁ'J = rjsjg (5)

where r, are the radii at joints % and j. The stress field, for an annular

25
plate i, is given by (see Ref. 20)

o} 2
N = =N + N /r
rri oy oc1
o)
N 2
6o, = ~N - N /r
i o1 oc1
o]
Nre =0 (6)
i
2 2
N = (N B, = N Y/ (8;*1)
oy IT 41 i rryy i
2 2
N = BTrS (N =N )/ (B =~ 1)
oc, 11 P reoy i
where: No , N ° , N ° are the radial, c¢ircumferential and shear
rr 60 re

i i i

stresses in plate {i. £
4

Bl = ri—i/ri - ratio of outer to inner radii for plate 1i. T

3

Pimp? Ty outer and inner radii of plate 1. 5

B

The stress field in the central part is uniform and equals: E
3

3

K

(7 :
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where Ngr is positive if acting outward.

N&1 N1 1

a) Forces b) Deformations and Geomtry

Fig. 1 Forces and Deformation in Annular Plate

rr'.v*.fv "

2.2 Buckling State 3

The buckling equation for each annular or circular part is given by

Eq. (2). The detailed solution of the equation using a power series >
procedure is described in Chapter 3. The characteristic equation is
obtained through the satisfaction of the boundary conditions, continuity at

common joints and kinematic constraints, i{f they exist (see Fig. 2). 'ﬁ
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Fig. 2 Loading and Section of the plate

The continuity conditions which must be sarisfied ar joint i, r = ry are:

Wit T Wie1d
Yit,r T Yisrd,r
(8)
Mig™ Mige
Qi = "9 149
where (see Ref., 19)
AV IR
1
Mii B [w'rr * r (w’r * wee/;)] Di at r = r‘1 (9)
1T = v N:r
2 { 1 11
Q11 = { (v w),r + = ¢ - w,e),e ] } D1 + Di W 'rat rer. (10)
3 2
and D1 Ein1/12 (1 vl) ;

¢ )

{+1 1 is a "plate i+1" parameter evaliated ar joint i,

(The first index deslignates the plate and the second the jolint);
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Mrp, Qp are the bending moment and shear force resultants

respectively, and Ngr is the radial stress resultant of plate i at joint
ii

i.
The conditions of the boundaries are as follows: .J
Edge boundaries:

Clamped: w =w, =0

r
“y,
Simply-=supported: w = M = 0 [see Eq. (8))]
Free: M=2Q=0 [See Eqs. (8) - (10)]
Free to deflect not to rotate: w, = Q = 0 [see Egs. (8) and (10)]. -
Free to rotate but elastically supported in transverse direction:
M= Q*—kw w= 0 (kw is the extensional spring constant in the transverse
direction). -
Elastically restrained against rotation and transverse translation:
M"krotw,r=Qﬂkww=0
(kpot is the rotational spring constant). -
If any kinematic constraints exist at an interior joint, i, the
following equations replace Egs. (8).
Transverse (knife edge) support: Wi T Wieqg T 0, Wigp T LIPS T
Mg = Mg
<
o4
R e e e e e e e e e e L e e e R ]




Completely fixed : » W =0

Wit T Yieg i,r T Yis1i,r

Wi, T Yierg,e Mo T Misre

i1 - Q1+11 wlwii = 0 (kwi is the extensional spring constant at joint

i in the transverse direction).

Transverse extensional elastic support:

Q -k

The deflection of each annular or circular part, w is described by:

i’

wy(r.8) = Z [ BiniFrng (P * BongFong (r) * By Fany (r)

n=0
+ BuniFuni(r)] cos nd (11)
where:
Fkni(r) denote the four independent solutions for the plate, corresponding

to the wave numbers, n; k assumes the values of 1,2,3 and 4 to the four
independent solutions. Bkni denote constants to be determined through
boundary and joint conditions.

The characteristic equation is solved by using the Newton-Raphson
procedure. In cases where the convergence is poor a Regula=Falsil or
bi-section method is used (See [21]).

The detalls and a clarificaftion for the employed symbols is presented

in the subsequent sections.

3. SOLUTION OF THE BUCKLING EQUATIONS

A power series solutlon is used to solve the fourth order ordinary
differential equation, derived after separation of variables. This type of
solution is chosen, because of the versatility of the solution, and its

applicability to the various boundary and joint. conditions, and the various

---------------
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types of loading. The separation of variables is achleved by assuming the

deflection to be of the form,

wi(r,e) ) Fni(r) cos nod (12)

n=0

where r, 8 are the radial and angular coordinates, and Fni(r) are the
deflection functions in the radial direction (corresponding fo plate i and

wave number n).

Substitution of Eq. (6) into Eq. (2), multiplication by ru and omittng the

trigonometric functions, ylelds,

y_1v 3.I11 2 2 2, .22 II 2 2
r Fni + 2r Fn1 « r~(1 +2n" + Bcia1 ¥ ray Y F77 + r(1 + 2n"+ Bcia1
2 2 I 2 2 2 2 2
+p ai) Fni " Fni[n (4=n° + Bciai *riay J1=0 (13)

2
! = M = H =
where ( ) d/dr; ay Noi/D1 (see Eq. [6]); and Bci Noci /Noi

A power series solution, of the form given below, is assumed

.y J * snt
Foq(r) JEO AniJ r n (14)

Substitution into Eq. (13) yields

@ j+s
ni 4 2 2 Y 2ey2
JgoAnidr [ (rs -1 (2+20° 4 SURICRE Mt
Jts _,+2

8, a; (1701} + o Ml raenAa®1 -0 09

i

JEO Anij
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This equation when expanded yields terms multiplying powers of r of

®
Sny*d
the form r » with j = 0,1,...2. The multiplying terms contain Apiq
for j = 0; Apgq for J = 1; and Apgy and Apjj=p for all other j-values
® (2,3,...). It can easily be shown that one solution is obtained by
requiring Apjg = O and Apyq ¥ 0, and another solution is obtained by
requiring Apjg # 0 and A1 » 0. Both lead to the same solution for the
buckling problem.
®

Thus, for j = 0 the indicial equation is:

4 2

- 2 - 2 20y 2v1 .
(3,;=1) = (2 +2n" + g .0, )(s ;=1)"+ [(n=1)"+ Bciat(1»n )1 =0 (16)
€
Note that this equation, Eq. (16), and all those corresponding to other

values of j (= 0) are quartic algebralic equations in spj.

The four roots of this particular quartic equation, Eq. (16), are:

®
2 2 4
B ,a q B 7
_1y2 2 ci™1 2 2 2 ci’i 2
(3py=1)y, o= (147 + ) PRt r e Yt 8y
®
2 2 4
B .« {4 g _.a Y.
_a2 2 ci’l _4,.2 2 2, ei’i LR
(8py=1)g y= (e + 5 ) THRe 2B e = Yt 8y an
.
where Ynt is equal ro cthe rerms in parentheses, and Gni is equal to the
terms under the radical sign of the right-hand side of Egs. (17). The
recurrence formula, in the general solution [for all k - see (Eq. 11)] is:
{
(
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2 2
al(3+s +2)° » 0] Aenije2

A =
knij _ 0 8 . 2 2 L 12 Y
[(J+skn11) (skn11) ] ®(2 + 2n"+ Boi%y ) [(J+skn1’ 1) (skni 1]

(3 = 2,4... even) (18)
(k = 1’2i3lu)

The various types of solution deprnd on the type of roots (real, equal or

complex). The general solution (for the case of four distinct roots);

Frnt ) = L Anyy rd * Sknt (kK = 1,2,3,4) (19)
=0

where n is the wave number;
1 refers to annular plate 1;
k identifies the four independent solutions;
J refers to the j=term; and

s denotes the k®N root of the indicial equations, Eq. (16), see

knt

Egs. (17), for plate i and wave number n.

3.1. Types of Roots, Syni

The roots of the indicial equation, Eq. (16), can be either real,
equal or complex conjugate. First, we'll determine the various types of

the roots, and later we'll discuss the intervals of validity. 1In general,

)

the roots can be written as

G8
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R I
Sent = Skni * ! Sknt (20a)
where
R R I I
Spgr = Relsgl= 1 rpy v sy =Inmls 1=~ o,
R R I I
Shi2 T L N L P * "Pniy (20b)
R R I I
Shiz T = 1+ P Shi3 = = Pnio
R = = 1 R SI :FI
Snil Pnio nil Phiz
The values of R I R I depend on the values of § [see Egs
Pnt1? Pnitr » Ppya Ppyp 9€P v ni as.
(17)]. For 6,4 > O the quantities in Eq. (20) are as follows: First, let
Y Y
%a11 " Tt %1 f fnio T Ynp ¢ Sy
Next
if ¢ 2 0, then R = [ : 1 =0
ni1 ’ Pniy nt1 ° Pniy
if ¢ .. < 0, then pt.. = 0 I .r= (21)
a1 ¢ O Pnt1 P Py ®n11
if ¢ < 0, then R = ¢ I = 0
g e Y Pniz ni2 Pni2
{f ¢, <0, thenpt =0 : pl .
ni2 ' ni2 ni2 ni2
Moreover, for &p4 = 0O we have,

......
------




AR A

-
R R I I
Lf Yy >0, thenpyy = p o= (Vg ¢ Ppyy = Ppyp = O
R R I I
i Yni = 0, then pn11 = pn12 = pn11 = pniz =0 (22)
3
R R I I
U Yy €0sthenpoy =Ppyo 3 Ppyy = Ppyp = Yni
and for 6py < O
bt}

R R
Pt = " Ppi2 ” Q(Yni * IYni +8l) 72 (23)
I I R

Pni1 = Ppi2 = %udni/Z/pni1

2
The range for the various types of roots depends on the magnitude of Bgpjaq

for each of the values of &nj.

Y
> 2 -
For Gni > 0, the roots are real, if ¢n12 2 0 (meaning Yni 2 éni).
2 2
thus, if Bciai > n“= 1, then Sh13 * Sniy (Real) ,
2 2 (24)
and 1if B,g® =0 =1, then Spiz sniu(Real) -

The four roots are equal if dni = 0, thus

eciaf - = n (n - n-1) (25) ~

(See rigs.3).

The various solutions, Fpiji(r), depend on the type of roots, (real,

'L

equal or complex). The relation between Bclaf and Pcr is

‘‘‘‘‘‘‘‘‘‘
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.
Ranyes of equal roots
30
PY - Two equal roots
- — Four equal roots
25
20
®
15
Complex roots
19
®
3 s
N P Real roots
3
¢ ?
"]
‘ (Eq. 24)
a— - —
—
-5
Complex roots
o
-10 -
@ { 2 3 4 $ 6 2 8
n mnde numhen
o
Fi1g. I: Range o+ Equals Roots for various Buckling Modes.




ARCARRCAORA Siaid feon b aainse £ ol LS S

2
aclui D

P oa
er N D)

Ot

(1)[see Eq. (6)] ts the value cf No per unit of buckling force,

where N
o .
ci ot

and DO i{s the relative flexural rigldicy.

The two lines appzaring on Flz. 3 represent points of singularicy, for !
a given n, in the buckling characteristic function [see Figure U]. The
characrteristic funcrtton 1s obtatned by expanding the derverminant that
ylelds crttical loads, This detverminant results from requiring a 1

nontrivial soluytlon to the set of homogenous linear algebric equations in

the undevermined constants, A, ,{. This set is obtained by using the

toundary and joint condictions.

DﬁtaFc

A L-“A_‘L -'.‘_nA e *JA_L.{ PSR

AN
\\
, L2 i
l/'// \\\\ '\l ]
. 2 - P
iN_"P 4 cr
; Crsiy q’%mz
!
/
Fel cr)=O
1) Complex roots solution »
- 2) Real roots solution 1
¢ 3) Two egaal roots solution
P’ k) Four equal roots solution
Pers. = (n2 - 1) p /i)
) 1 i" oct 3
e P 2 (1)
. a =l - -
&{ crsi2 n (n- n"-1) Dt/Nocl
- Fig. 4. The characteristic function versus the critical forces
ol for the various types of solutior- 5
5
e I RS £
e L :";_'.:_. - L'-’{-';-';_{; 'L‘:’:{: e T e e S SR P _3

. : - *.
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The singularity in the characteristic functlion is due to the
discontinuity in the type of the roots. In each interval, the funcrtion is
continuous, but nof at the ends of the interval with the equal roots. At
these points, fthe function is approaching zero either from the positive or
the negative side, and exactly at these points, the function can assume any
value, including zero. This numerical phenomenon occurs because the
solutions for complex or real roots converge to two or four equal solutions
and do not approach the appropriate solutions for equal roots. The
characteristic function 1s calculated through the determinant of rthe
buckling matrix. The cases of equal solutions means, two or four equal
rows in that matrix, meaning the determinant is zero. The roots for n = 0,

1and n 2 2, and for » » S Boy S » are described in Table 1.

3.2 Types of solutions, Fyni(r)

This type of solutions depends on the type of roots. 1In general, the
power series solution based on the recurrence formula, Eq. (17), is
correct., for all four independent solutions (k = 1,2,3,4), only if the
roots are real, 1.e., they are different and the difference between each of
them is a non~infeger.

The solution in case of two equal roots, (in general) equals:

s Skni+j
Fraint (T = CF g (r) Inr +J§0 boyy T (26)
where Fkni and F(k+1)n1 are solutions corresponding to two equal roots,

Cq1 1s a coefficlent that can be obtained through the recurrence

procedure, and bnij are new undetermined coefficients.
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The solutions in case of complex roots are based on the recurrence
formula, appearing in Eq. (17). The two solutions are determined by

considering the real and imaginary parts as two real solutions yielding:

Py l“.;l_h W A

® R
Sni1 I i
F11 =p [Sni1 cos (sn11 inr) & Sniz sin (sni1 &n r)]
27
sR I I
F - n11[Sn11 sin (sni1 nr) + Sniz cos (sni1 n r)]
12
L
where
SR
. .R 2 _\N/2 N/2. R N, nij
. Sni1 = (1 ~ a4, @t eeeee(=1) P )
¢ R
5
I 2 N/2 N/2 1 N ni1
S = (= a a.r°+ L. (=2 1) a, a.,.r)r
ni2 ni2 i i niN (27.1)
R I
A = a + ia
ni ni ni
H ° 3 3 3

In the case of Bci = 0, the roots are integer and the second solution,

Eq. (26) is equal to, Y,(r), a Bessel function of the second kind of order

"' n. Using the power series, this solution becomes:

® J + 3
n ni2
( Faiz = C4Fqpg Inr+ Crilnr + JZO bnij r (28)

where C1, 02 are constants calculated through the recurrence procedure,

n is the number of full waves, and sn12 = 2~n is the second root of indical

1 equations (See Table 1).

ademuat e .
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The type of solutions for the buckling equation depends on the following

parameters:

(1) Number of circumferential full waves: n = 0,1,2,...N

(2) The value of ratio of the nonruniform part to the uniform one, Bqj
<or =o0r >0.

(3) The type of roots of the indicial equation, e.g., real, complex,
equal or differenf. by an interger.

The various solutions for the parameters, mentioned above, are described in

Table 2. Moreover, the various solutions are shown in Appendix B,

The solutions derived, using the power series method, usually
converge. The convergence is checked either by using tests for infinite
series [21] or by substitution of the solution into the buckling equations
Eq. [13). The criterion for convergence using the second approach is:

6

|L (F )| s10° (29)

kin®j
where: L is a differential operator, see Eq. (13),
rj is the radial coordinare at the boundaries of an annular
plarte, and

Fgin(rj) is the k®th solution of plate i different from zero.

If the test fails, then the number of terms in this series must be
increased. The results obtained by using these tests are considered to be

accurate, when compared to the resulrs reported in the open literature

(used as benchmarks).
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TABLE 2: Solutions for Bci>0

(Subscript are omitted for simplicity)

n root Solution
1+, 2
@ 51=1+(Z$1 F1= r 1{ 1 - u2 - .
1+ C(2+@ ) C -@T1(3+w.)
1l 1 1l 1 :
—)

(-1 N/2 N . -
* s a + r !
N n - o
(N+1+8 ) TT_L (4@, ) <=g*] 1

1 )= 1 1
<4
A
1-@ ) 2 )
s,=1-9; Fo=r ¢ - = + ‘

“ “ 1-9. [(2-8.)° -8T3(3-9.)
1l 2 1

(-1yN72 N g
PR } =
N _i

(N#1-@ ) TIC (-8, ) =221
i) jem i i 1
2 -
53_—-2 F,= I"2< 1 - ; 2 * seeens .
' < 2 (3%-0, “)4 *
5 g
. (-pN2 N . -

e s e e

N s
(N+2) TT,C(j+1 ) 071 j
54:(:) F4=C .

Notes: j=0,2,4....even

2z

@a =(1+ ot
i 1 BC1 1

u=of
1

B S S S S
.................
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TABLE 23 Solutions for ﬂci}o (continued)

n root Solution
1+‘ai 1 u2
1 &,=1+@. F,=r { - = = +
1 1 1 148, [(2+8 )% -@0%31(3+d.)
i i i i
(-1y N/ N
.Il|+ }
N 2 .2
(N+1+@ ) [ C(j+d ) “-pT 3
i’ =2 i i
1-‘Z’i 1 u2
s =10, F.= r < - — +
“ 1-0. ((2-¢ )° -@gF1(3-0.)
i i i i
-
. (-ppNZE\N .
a o 8 A N 2 2 J
(N+1-@ ) T L (-0, ) “-@* 2
1 J5a 1 1
s3=1 F3=r
N jei
s,=1 Fa= rintry+ }Ei bjr
) -
where: b5=uf/<22-wf)/2.
-~ 1 1
2((' 2 2
" _ LG e, g
1 (o0 -
J (i%-a%) ;2
i
Notes:® j=0,2,4....even
~
7 “‘ -
Lni=sqr(4+Bci i) ¥
u=el r
i
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TABLE Z: Soluticns_for i _ >0 (continued)
n root solution
® ) 2n2
1+9 Wl ed,) "0
. ) i 1, !
=2 =ledy Fl- r {1 - = = 55
(240 )% =070 (248 ) “H03)
N -
2 N- 2 2
0N 2N Geo, ~10 %405
® . j=2 1 y
a5 @& & # 2 2 '-“ 2
4l ) jv@ )~
J‘=5(J*‘L1) +dg L Cgvd 7] ]
e -
° 1-8, W2t (1-8 ) %~n?)
5,’;-.1-’2 F2= r <1 - ) o 2
« [(2~0, )" @71l (2=-¢ +f’J,,
1 1 1 2
- -
(-2 N.H-(J"‘Q’ ~1)5=n";
-
¢ ﬁ’gu—vI) -m g~ 01 ‘1‘ ]
= al = ol v - - 7
Sy 1+1«2 F‘3 rcanLzln(r)Jsl r=.-:‘.nC1J:..,1n(r')JS2
© s, =i{-i¢ F —rcostu An(r) s +r51’n£2’l 1n(r)ls
4 2 4 2 1
_ 2 N/2 N "
Sl= A:c:csezu ... (=1) u (Jﬂ;AJ)CQS(J’.'YGj)
© S =-A 5106 uZe. .. (=1IN2N (T )i '(ZN'.,S
- 281n8,u T+, .. japfjisin = J.)
where:
2 2 «2/m,2 an2n2yy 2
bl=‘.+n +r’c*\(i + [(2n +fs ci .\/2) AnT(n"=-1)1=
o B
( SN
b 2 > - - Ve
@.,=1+n i, T+ [=(2n *B 1 22 %an?(n%-1) 1=
Lo
A (—2 12) (<) '
=gqr (R-+]7 = (I /&
‘ J qQ nJ st v" arctg « ; J)
2 .ﬂ 5 f - - -
Ri=0s (j“-am_-2% )cn‘+u-u”-w;hemg(j-u(j2+
<Y - 2 <
-65}/,0"
) Yz ~
I ’-""’2["3 (1-1) €3 -4u‘--—>( )=43 () -S ) In“e
( ‘J"l) )J/JD ’
- 4]
'D ' "16) () —S) "‘J4(J —42’;—2 )2
Ly
(
79
L D S B N DR S e SN
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TABLE 33 3 . =0
cr
n root Solution
2 (—l)N/zuN 3
O s, =2 Foel=S= +, .. .42 = g (W)
1 1 22 %F 2 0
j=2(3+2)
‘bFl(s) .i
2 = _. =
525‘ F2 Ss s=51 Yo(u)
s..=C F.=Const. fi
> >
:,‘A 54=U F4= 1n(r)
ii Notes: - |
: Jo(u) - FBessel function of first kind and of order 0.
Yo(u) - Bessel function of second kind and of order Q.
u=4ir
. |
n |.|'7 (—I)N/‘UN
Slﬂz*n F1=r {1_ ——;\—;—-" +teos ¥ }=
- -y S
(2+4n)"=n ,E(j*2+n)2-n“3
= ’P
= J ()
N
n =l
75F1(s)
2= = . |
"’ n F2 Ss 5251= Yn(u)
n
53-n F3 r %4
- - =N
8,=-0 F4 r
Notes:
Jn(u) - Bessel function of first kind and of order n. 3
Yn(u) ~ Bessel function of second kind and of order n.
3
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(Subscript are omitted for simplicity)

.................

TABLE 4: Solutions for Bc.{Q

i—

n root Solution
) 2
0 51-1+ﬂi ﬁi-sqrti abs(ﬁci)dil
- 6,=1-0, Solutions are the same as in table 2, but
'Bci'“;<1 B
53=2 with a different wi.
54=0
51=1 F1=r
s =1 Fozrln(r)+ g;b rj+1
2 2 j=27 3

where: b2=-2

) 2
B foty =t

-2-b

2

j—z*ignom

A . 2 ‘2(.2
°m=J-1-n $ Densj 71

n
52=2 see table 2 with n=0
s4=0 see table 2 with n=0
-1-1+1ﬂi F3=rcostfbiln(r)Jsl—rsincﬁiiln(r)ls2
52=1—1wi F4=rcostldi1n(r)182+rsin[¢2’iln(r)ls1

1

2V
2
'Bci"’ki)1

N
-
S =-A,cosaﬂu‘+...(—1)N/2uN(;g:Aj)cos(

Lo

== 8i 2 N/72 N .
So=-AL8ind,uT+. .. (-1) u (;ﬁ;Aj)szn(}gQGG)

@i=(1—|ﬂciﬁii) 1 Aj=(R5+Ij) t Sj=arctg(lj/Rj)

<

-~ ~ -
= . L, -23 “ . TieD) -“
Rj (- 0iTCi+1) Jwin+m.<53+‘>,/|oi|

1

2 Ao ety ot ey 2
I =C3™ (1) =258, = (i=1) (33+2)3/D, |

~ 2 ‘_22_’)") . b B |
|oi|‘=cj <3+1>—2gwin +cm;j‘ T+

j=2 j
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TABLE 4: Solutions for ncico (continued)

n root Solution
31=2 same as in table 2 with n=0
IBogyst | 7 .
s4=0 same as in table 2 with n=0
1 51=1+IZ’i Game as in Table 2 with n=l.
0 1g2ea | SV B, =sar [1-abs(A_; N7]
' Ci'dIA =1 F.=r
537 3=
N .
= Ty vt
54=1 F4 rln(r)+j=0bjr

The series coefficients are determined

using the procedure described in Appendix

B.2.3.1

51-1 F1=r

52=1 F2=r1n(r)* =U J

2
I8, of =4
ci 1% =1 F3-rr1n(rn i'_L
3 {§ i*1

s4=1 F wmr{ln(r)] + odJ
The series coefficients are determined
using the procedure described in Appendix
B.2.3.1

sl=1+1ﬂi F1=rcosrmiln(r)JSl-rsxn[ﬂiln(r)152

52=1-1ﬂi F2=rcos[lailn(r)152+rsxntﬂiln(r)ls1

=-A2c059,,t.|2+.. -1 N2 N TrA )cos ( &29 )

2 "
Sﬂ=—AﬂsinGgu‘+...(-l)N/‘uN(.”ﬂA.)szn( if,QJ
4 z “ Jse ) J=a J

2 Yz 2 oY
- @, =(4-|5 "'Li) t A =(RS+IS) 1 © =arctg(l /R ))
’r’cil":>4 1 c1 J J J J J J

tJ

C o) ¢ i-202) 402 2
RJE (3 2) (53=-2 i +11]/‘Dll

o (il 2
1.=2(1 ”i)/lpi,

3

* . -.'>"- "s-‘.- '...'. -' -~ e "—.'-- "- . .'- - AR - ~-~
R VAR . L L A R




e W WY A e _J R b g A el Jhads Sheds ¥ - e AJ - -
R R T T T T T T Y G A Y R~ ¥~ F ~ v~~~ @~ ~ = ~w— == ~==

.
TABLE 41 Solutions for chio (continued)
® n root Solution
D 192320 (j-20%) +0=1
e P i
s3=1 F3=r
= Jj+1
e 54=1 F4-r1n(r)+j‘5:.)bjr
The series coefficients are determined
using the procedure described in Appendix
F.2.3.1
o
n)=“ﬁ sl=1+ﬁ1 The same as in Table 2 with n>i.
|5_. ] $<2
cri s,.,=1-,¢i The same as in Table 2 with nil.
s.=140,, The same as in Table 2 with nixi.
¢ - L c
54=1—¢2 The same as in Table 2 with n:i.
__________ s PR
Notes:

2 2 2 2 2 2.2
@ ,=01+n"+abs (3 Dk C/21+L4n“+2n abs (3 _ 0T+ (abs(fz_.)c)“/4]
c} 1 [=5 § 1 cl 1

©
\/2

2 2 2 2 2 2.2
P.=C1+nT+abs(fl_ 10T /21-(4n"+2n"abs(3_. Jo  +(abs(B_. W) /4]
2 ci 1 ci ci i

J

b

- — - o — - —— > — ——— s o " - > - ———  ——— —— — - = T T . T = A - - —— T - . = Gm. S — . . S =

, _ R s
sl=1+ﬁR+1ﬁi Fl—r (costﬂlln(r)ls1 51n£011n(r)382}
~=2
ﬁ' n- 1+0g
92-1+6R-1®i F2=r {costﬂzln(r)]Sz+sxntﬂ11n(r)lsi}

2 N/2Z N £~2
51= Azcosezu +...(~1) u (;ﬂ;Aj)cas(j= Qﬂ

. 2 N/2 N . £:’
82= A251n02u +..0. (=) u (Jﬂ;AJ)nn(J‘:‘Gj)

e = s o e o e e e T W e e e e s e e e s W e e T e e Sy e e > W G = —— - -

r4
4]
~
L4
»
L

R -
C RnRotindy o nRpIyTp 1
J abs(D »* J ! abs (D)2 -]

I
= _ o s “_ -
F(N 203 1)k$R+Y-(J 1) 7=n

4 E- - SN 2,2 2 _ 2
Rp=3 '+43 (13- 8 e2(35%-p) -4J(r—2u11)wR+§‘ —4&[’(1“'-21 y+ 8

PR - R

P "
IN-WIC-(J 1)*2wRJ
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TJABLE 43 Solutions for Bci{O (continued)

n i root i Solution
¥ Notes(continued):
] ID=ldI£4J(3 —h‘)+"(33 -‘pw +4J(\'+At7.i )+4tdprl
.- 2
abs(D.) =RD+ID|21I
2 2,
T =1+n +abs (B _ INT/2
-~ Lor ] F‘,\
$=4n2+2n‘abs<n ) Zedabs ) 2,2,
ci ci’ i
I/
e Y2 ) 2
Rs—(\' +) MR—RSCDS(G ) e ﬂI Rss1n(9 ) .9 artg(g /r)
T
n>=2 . R . . . .
s, =1—-@_-id F.=r (cosld.1ln(r) 1S +sinld.ln(r)1S,]
3 3 R I 3 I 1 I 2
: I%cil 172 1-0
. = - . —-— % ;’ h)
Y $4=1l=0+10, Fa=r {costwlln(r)ls2 szn[LIIn(r)]Six

The varios functions appearing in the
solutions are the same as above but

- with B =~0_.
. R R
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TABLE Si Solutions for §_, #0 an__ﬁigg
n root Solution
o (1+esi>
8 = 7 =
) s1 1+(Ji F1 r
1
B_ >0 ;zs=<1+rs_.>/2
c1 - ci
(1—¢i>
® S, =1+ F=r
“ 1 2
s,=31+i, F.=rcosl®.ln(r)]
1 i i i
D=1 (B -2 15
i8] I P
s,_,=14-i|25i Fosrsinlé, 1n(r)]
B €0  jemrmem——— e e . ———— e
ci
s,=1 ”F1=r
lB .t=1: g, =0
ci i
s.=1 Fa=rln(r)
- 2
s.=2 F3-r
54=0 F4=Const.
2 2
For n“-1> GEE For n“-1< q.l
1+£Z$1
7§ =
51=1+L1 F1 r
1—%1
52=1-m1 F2=r
n>=l 1+3, l
=1+ = b
S 1+t.2 F3 r l F3=rcost621n(r)3
-9, |
- =1-m2 F4=r | F4=rsxn[u21n(r)3
____________________ Y S
2
For nT=1=f3_.
c
1+w1
51-1+w1 F1=r
s
e e T e e T T R e e e e L
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TABLE Si1 Solutions for ﬂsi=0 and ¢i=0 (continued)

n root Solution
l—ﬁi
52=1—¢1 F2=r .
s3=1 Fsur
54=1 F4=r1n(r)
Notes:
) 2 2.2 2 Y
P, =2(l+n 43 _ /2)+4NnT+2Nn"B _ . +(1T. /48)
1 ci ci “ci
- - \
O = (14n“+f_, /21~ an2e2n2n_ . +62. s4)2
ci ci ci
n_.<0 The solutions are the same as above but with

ci
'Gci' instead of Gci'
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4, NUMERICAL ANALYSIS AND RESULTS

A computer program was developed for the analysis of multiemannular
circular plates, for various boundary conditions and types of loading. The
program uses double precision and the maximum number of terms in each
series is eighty. The "differential equation" convergence condition [(Eq.
29)] is checked for each independent solution, Fyni(r), at each coordinate
of the adjoining boundaries, rJ; The various solutions are obtained
through the following four subroutines.

a) Solution for uniform stress field, meaning B,y = O.
b) Solution for real roots, but distinctly different.
¢) Solution for two or more equal roots.

d) Solution for complex roots.

A relafion exists between fthe various subroutines. The solutions
obtained using subroutine (b), for integer roots, converges to the one
detvermined by using subroutine (a). The solution for nearly equal roots,
obrained by subrourine (b) for real roots, or subroutine (d) for complex
roots with equal real parts and very small imaginary parts, do not converge
to the solutions obtained by subroutine (c).

Numerical results are generated and discussed for a two part plate,
annualar and circular (inner), with constant thickness only. The main
parameter influencing the buckling force are:

1) The ratio of the radii ri/ro, inner radius to outer one.

2) The ratlo of the moduli of elasticity, E»/E;, inner part.

3) The number of waves in the circumferent.ial direction (buckling mode).

4) The location of the loading, applied at the outer radius as opposed to
the inner one,.

5) The boundary condirions.
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In order to get an understanding of the influence of the various
parameters, a few cases are analyzed, and some simple parametric studies

are performed.

4.1: Example No. 1 (Simply~supported)

The first example is a two—-part plate loaded and supported at the
;a outer boundary, see Fig. 5. Critical (buckling) loads are calculated for
the following parameters:

vi = vp = 1/3 (n= 0,1 modes)

ty =ty = 1.0

E>/Ey = 0 (Hole), 0.01 (cir. part very flexible),

0.1, 0.5, 1 (uniform),

2, 10, 100 (cir. part very stiff)

riy/rg = 0.0, 0.1 ........ 0.9 (Dec. = 0.1)
The analysis using the above data covers the whole spectrum of
!I' rigidicy ratios starting with a single annular plate (Ex/Ey = 0), through a

plate with a very flexible central part Ex/E; = 0.01 to a plate with very

"
A Ce

rigid inelusion (Ep/Eq = 100).
Curves of critical loads versus the ratio of the radii, ry/rg, for
different (Ep/Ey) values for n = 0 (axisymmetric) and n = 1, with v = 1/3

le are presenfted on Fig. 5 and 6, respectively. From these two figures the

following conclusions can be drawn:

1) The lowest critical load corresponds to the first mode, even for large

values of Ep/Eq,
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Fig. 5. The buckling force versus the radii ratio (ry/ry) for various
rigiditvy ratiogy with n = 0 (axisymmetric mode) and a
simply-supported plate. The plate is loaded av the outer

boundary.
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2) The critical load decreases with increasing value of ry/r, for Ex/Eq <
1.0. On the contrary, for E»/Eqy > 1.0 the critical load increases
with increasing value for r¢/rg.

3) For stiff inclusions (Ex/Eq > 1), the buckling mode is such that both
parts of the composite plate participate (the inner complete circular
plate and the annular part), and buckling seems to be triggered by the
annular part;

4) For flexible inclusions (E»/Ey < 1), the buckling mode depends on the

values of both ratios, Ey/E4 and ry/rg. For large values of Ex/E;
(definitely for 0.5 S Ey/Eq < 1), the mode behavior is similar to that
E[ corresponding to the case of E»/Eq > 1 (See 3) above). On the
[ contrary, for extremely small values of E,/Eq (it is checked for

values of 0.1 and 0.01 and the observation probably is true for some

Ep/Eq values in the range of 0.1 < Ep/Ey < 0.5) the mode behavior
depends on the ratio of the radii (ry/rg). For E>/Eq; = 0.1, as long as
ri/ro is smaller than approximately 0.55, the buckling mode seems to be
triggered primarily by the annular part and the crirical load is a
lirtle larger than the one corresponding to E»/Eq; = 0 (pure annular
plate). On the other hand for ry/rp » values larger than 0.55, the
critical load is smaller than that of the pure annular plate and the
buckling mode is triggered by the inner and more flexible part. It
appears that for Eo/Ey = 0.1, the corresponding curve approaches the
value of 0.4282 as r¢/rg approaches unity (a complete circular plate -
with bending rigidity equal to one tenth of that of the case Es = Eqy).

5) The graph for a single annular plate (E2/E1 = 0), is similar to the one

appearing in Meissner's paper [10]. The only difference is in the

result for the homogenecus plate (Eo/Eq =1). The present resulr for the

30
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eritical load is 4.282D/r2 and not 4.20D/r2 as predicted by Meissmer.
The present result corresponds to v = 0.333 and Meissmer's to v = 0.3.
Thus, the difference is a measure of the Poisson's ratio effect.

It appears that the influence of the Polsson's ratio is significant
for annular plates with either small or large values of the ratio for radii.
For small values (rq/ro < 0.4), the higher the Polsson's rario the stronger
the configuration (against buckling). For ry/ro = 0 (full circular plate),
the difference between the critical loads, corresponding to v = 0.333 and v
= 0, is of the order of over 25%. This difference diminishes (for the
annular plate) as ry/rp approaches the value of 0.5. For higher values of
rq/rg, the influence reverses direction and it increases with increasing
ratio values. Note that for ri{/rg = 0.9, the critical load for v = 0 is

higher than that for v = 0.333 by approximately 10%.

4,2 Example No. 2 (clamped)

In the second example, the influence of the boundary conditions is
checked, through the analysis of a clamped plate.

In this example, the clamped plate is loaded at the external boundary.
The critical load curves for a single annular plate are presented on Fig. 8
and for the two#part plate on Fig. 9. The results are determined for the
following paramet.ers:

vy = vo = 1/3

ty =ty = 1.0

n=20,1,2,3,4 (wave number)

E2/Eq = 0,0.1,0.5,1,2,10,100 (n = 0)

ri/ro = 0,0.1 =& , 0.8

h

(‘.l
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Fig. 8. The smallest buckling “orus of a clamped annular plate, loaded at
the outer edge.
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The critical load curves versus the ratio of the radii, for a single
annular and for wave numbers, zero to four, are presented on Fig. 8. The
curve for the axisymmetric mode is exactly the same as the one appearing in
Meissmer's paper [10]. The results appearing in Ref. [10] are limited to
r,/ro S 0.563. For ratios greater than 0.52 the higher buckling modes
govern buckling which is in contrast to the previous example (simply
supported case). On Fig. 9, the critical load curves, corresponding to
different Ep/Eq#values, n = 0 (anisymmetric), and v = 1/3 are presented.
In this case, Fig. 9, the following conclusions can be drawn.

1) For Ep/E; > ! the critical load increases with increasing ry/rgy -
values, while for E»/Eq < 1 the picture i3 a little more complex.
First of all, spot checking of these results (E»/Eq > 1) showed that
the critical condirtion is governed by axisymmetric behavior (n = 0).
It is also observed that, as the middle section (rhe complete circle)
becomes stiffer the critical load increases more rapidly with
increasing ry/rg ~values.

2) For EZ/E1 < 1, we observe several things. First, as long as the
stiffness of the middle section 1is only two to three times or less
smaller than the stiffness of the annular (outer) section the response
is similar to that of the simply supported case, and there is a
decrease in value of the critical load as the ry/rg-value increases.
In this case the buckling mode {s such that both parts (inner and
outer) participate equally.

On the other hand, when E,/E; is zero, we have already seen (Fig.

8) that the critical load increases as rj/ro lncreases, and the mode

becomes non~axisymmetric. For Ey/E; very small, or for inner section

srtiffnesses several times smaller than the outer section srtiffness, it

A et Al b R IR




is observed that for low values of the ry/rg ratio the behavior is

similar to that of Ey/Ey = 0. This means that there is inicially a
decrease of the critical load as rq/r, increases; a minimum value is
reached; and then there is an increase (see curve corresponding to
E5/Eqy = 0.1). As the value of rq/rg further increases, there is a
distinct decrease in the critical load. The explanation here is that
in the former case buckling is governed primarily by the annular
(outer) section while for the latter case buckling is governed by the
inner and less stiff part. Clearly in both cases (for the full range
of ry/rgrvalues), the presence of a very flexible inner part weakens
the annular plate. Note that the curve corresponding to Ex/Eq = 0 is
higher than that corresponding to Ep/E; = 0.1.

4,3 Example No. 3 (Load at r = rq in the inward direction)

In this case a simply—=supported plate loaded at the inner radius is
considered. The uniform radial load is in the outward direction. The
curves for the following dara are presented on Fig. 10.

vy = vo = 1/3

Ly = £t = 1,0

E>/Ey = 0 (Hole), 0.05, 0.1, 0.15, 0.2, 0.3

riy/ro = 0.2, »~&, 0.8 and

n = 0 (Axisyummetric mode)

The curves on Fig. 10 correspond to a single annular plate with a
flexible inclusion. The critical load for a single annular is very large N

for rqy/rg < 0.2, since the inplane stresses are very small in most part of

the plate and are very large near the point of application. For ri/ro ?

0.2 the stresses are distributed more uniformly within the entire plate.
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In the case of the plate with the flexible inclusion the buckling
force becomes small around ri/rg £ 0.55. The critical force increase, for
all values of E»/Eq, as the radii ratio increase, since the tension in the
central part is governing. The force for all ry/rg increases with
increasing of the rigidity ratios.

The "total™ force, p, r,, versus radii ratio ri/rqo is described on

Fig. 11. 1In general, the ftrends of the "total" force appearing in the
figure and the critical force described in the previous one are the same.
The "total™ buckling forces for ry/rg s 0.2 are bounded and don't go to

infinity as can be deducted from Fig. 10,

5. CONCLUSIONS

A buckling analysis of a multi~annular plate is described. The
stiffness method is used to determine the primary state. The buckling
equation 1s solved rigorously using the power series method. Convergence
is proved either by the infinite series convergence test or by the accurate
satisfacrion of the differential equation condirion. The versatility of
the proposed solution is proved by the solved examples. The numerical
examples reveal that the influence of the different annular parts and of
the central part may or may nof improve resistance to buckling. The
influence of the various parameters, rji/rg, E3/Eq, v, n, is discussed ro
some extent for a ftworpart composite plate. A complete parametric study is
recommended to understand the influence of the various parameters on the
buckling behavior of mulri*annular plates.

The proposed solution is also applicable to the buckling analysis of
rhin plates when resting on an elastic foundarion, and even to the

vibration analysis of multimannular plates.
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Appendix A: Derivation of the Buckling Equation and Inmplane Stiffness

Coefficients.

Derivation of the equilibrium equations:

nonlinear kinematic relations in polar coordinates, are [22]

, 1 2
E Cop T p t 3 (w’r)
)
v, -
] u 1 2
: €0 " F T * T (Mg
3
W, W,
vy .y r e
Yr-e Vip T F r * r (A.1) -
Xpp = ¥opp
. oo Tir
_—
06 r2 r
. 2re  Tre
xre r 2
r
-
where: ey + strains of the midplane ({,j = r,o)
U, V,W = displacement components of midplane points in the x,y, and z
directions, respectively and
(), ~ different.iation with respect to i: )
The equilibrium equatrions for isotropic material (see Fig. A.1) without
body forces are:
&

(rNrr),r * Nre,e g Nee =0

i

00,0 * (TNpg) p * Ng = 0 (A.2)




y 1
DV'w = F'(rNrrw’r).r * (Nee "’e/r)'e * (Nrew'r)’e * (Nrew'e),r

Et3
12(1=v

where: D =

> ™ flexural rigidity of the plate.

)

Nrr' Nee, Nre ~ Stress resulrants (for sign convention see Fig. A.1)
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{ Je ¢ ) & ¢t ),prde

W Q:*w‘
% ; ‘ 1 ’: C Yy ¢ ( )yd®
v

)
Cr
-

="
¢

b

Deformation and Plate
Differential RArea

Fig. A.1 Stress Resultant, Moments and Shear forces anrd
Deformations of & differential Plase Area
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ﬁi The Laplacian operator V2, operating twice on w, ylelds
’ Vwe=w + 2-w + (# w + 2w )+ A (w, = 2w )
rerr r 'rrr r2 'rr 'gorr r3 'r ‘por
+ -1— (4w + W ) (A.3)
y ’98 '5608

r

Next, the buckling equations are derived using the perturbation approach.
The stress resultants, and transverse displacement, in the buckled

state, are given by:

N,, =N_. +N (A.4)

0
where: ( )~ # primary state parameters

*
( ) * addirional small parameters need to reach a buckled state,
Substituion of the quantities of Eqs. (A.4) into Eqs. (A.2) and some

* +
algebraic manipularions yield (note that, |N1J | <<] N ij | and W= 0)
N N* a *
+ =
(r rr),r re,e Nee 0 %*
N (r N ) N
+ + =
86°0 T Nprg’rp rg = O (A.5)
4 » 1 o] * o) * o] * o * fw
DViw = (r N W dop + (Ngg Wag/r)ug % (N g Wagdag ¢ (N oW o)y,

R S
e e e RS e e . R - . e T e e e e T e e e s e e
A T T e -, R T T S T T TR L . - et .

o DRI . - I pTma T T T LT e e T N T e L

A A dedatededetad ot o detodadn ol o ine San"s o




The expressions for the bending moments and ft.ransverse shear forces are

(19]:
M = +~D [w + v ( l—-w + lw )]
rr ‘rr r2 L] r'r
1
Mee = D [w,r/r + -:5 LT + Vw’rr]
M =+ (1®vD[~w,  ~=u ]
re r 'ré r2 'Q
Vo =1 [M ), +M_  ~M_1=~D (V%) (A.6)
rz r rr ’r re,e 88 r
1 1,52
Vez T [M’ee * Mre,r v 2Mr6] =-D F(V w)’e

and the edge effective shear forces are:

1
Qr = Vrz * F’Mre,e

Q = Voz * Mg,

A.2: Primary state analysis

The stresses and the deformations at the adjacent joints of the
annualar parts, are calculated by using the stiffness approach. The

formulae for stresses are taken from Ref. [20].

A.2.1 Stiffness Coefficient [°2j]

The stiffness coefficients are determined separately for the circular

and annular parts.




A.2.1.1 Circular plate stiffness

E

8,, = x
i1 P1(1 = v

1+1)

and the stresses and deformation are:

(o]
Nep™ 814 = 44 = Ngg

u(r) -;—u
i

A.2.1.2 Annular plate stiffness [see [20])

i

(a) Deformation, ui, at inner radius

E,L(1+v,) + B5(1-1)]

ii ri

S

2Ei

2
ry (Bir1) (1~v1)

S{-11"

ST Sij T
(b) Deformation, uj-q at outer radius (see [20])

1-vi
5181[1+“ ) + 82
s - i
{~ii-1 > 5
(81“1) (1Pv1)
. i 2E; By
1i-1

2, 2
P (BS%1) (10v])




The relation between the orf4diagonal terms is:

P S1-1 1 ™ Piet 81 11

and the stressses and deformation in the plate are:

(r'1 Sr s r1_1)
o EI1 _ 31(1Fvi)rf »
N (r) = 3 5= [+ v)(Fu+ 8, )+ (=B u+ vy )]
r1(81~1)(1‘-v1) p2
. E, B, (1=v)r?
Nog(r) = 5 5 [O1+ v ) (muy* Byu, ) - (=B u i+ vy )]
r‘i(Bi + 1)(1-v1) r2
r 2 r2
u(r) = fu B (1"(—1) + u el #1) 1] e
i=1 "4 i 2 2
r r ry (Bi -1)

-

LR S Mt n N A kNl S e s N o ed res o

TN BRI,

“or,e,
s
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Appendix B: Various Solutions of the Buckling Equation

B.1 Solution of the buckling equation*

The buckling equation, after using separation of variables reads:

PHEIV 4 op3pTIlL 22(4 4 2 Bu 2 . r2a2) FIL s p(1+2n+ sciaf + r2a2) Fl
- F 2, .22
F [n“(4-n" + Bciai +riay ) 0 (B.1)
No No
2 i ci
where ay = 35— and Bci N
- o)
- i
%f We first assume a power series type of solution
b P, (r) = Z Ay pd*s (B.2)

Substitution of this solution into Eq. (B.1) (after some algebric

f‘ manipulations) yields

P Ajr5+s{(3 v s~ 1) (2 + 202 eciaf) (G + 8 =1)°

if + [(n-'-1)2 + By i (1#n )] } o+ 2 AJ pd*st2 2 [(j + s) «n ] -0 (B.3)

*For simplicity the subscripts, ni or i or k are omitted, throughout this
appendix.
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The indicial equation reads (j=0):

o
(se) ' (2 + 202 + 8_a®) (sr1)? ¢+ [(ne1)P4 g jaf (140%)] = 0 (B.4)
PY and the roots of the quartic equation are:
B8 a2 82 au
2 2 ci i 2 2 2 eli A
(551)1'2- [(1+n + > )] + \lm + 2n Bciai + m =Y + §
o 8 a2 82 au
412 2 ci’i . 2 2 2 ci” 1 S A
(361)3’u- [(1+n + > )] \un + 2n Bciai + T " Y~ § ’ (B.5)
thus
¢
81, = 1 ¢ “Y + §'2
(B.6)
s = 1 QY e §'2
9o 3,4 * :
where Y is equal fo the terms appearing in first brackets and § equals to
the terms appearing under the square root sign in Eq. (B.5). The
o
recurrence formulae is:
a2[(j+s-2)% n?) a2[(j+s+2)% = n%] &
A P 1 j=2
n A ™
J 2 .2 Jn2 2 y 2 y,
¢ [3+s-1)%= ¥1° ~ & [(3*sm1) » (Y+8')] [§+s+1)%~ (¥=67]
L
where Y and <‘S/2 are the expressions appearing in Eq. (B.5).
The solution, in general, is of the form
t
@ J+3
F o= ) A r K (B.8)
Kk =0 J
p (k = 1 to 4)

(j = 0,2, ... even)
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E.? Solutions of the Differential Equation

B.2.1: P¢;>O

The solutions for a positive HQL are derived next.

For this case the roots are: =, = \*(\-&%ﬁb(:)\/z \*'?(
S5 = \-(l-x?;qd‘?)"i =\ —*;
$b= yd

(Bﬂ

S* o)
where x’w? b \r_'{‘ A rs\qbc‘.af/z. LY el /a
The recurrence formula is:

k3 2
(US"‘Z%( Ny-z o M (\*S—z\po -2

J. [_(Ys \) §> ]Urs =] ‘,(Vs = -4 l&y«-sﬁ -2(+s)al - \-‘

= (\*s-—z) N2

t(‘\*s*‘) ‘§>\X (3* 5)

(\b 10)

The general solution is

s wIv’s (—\\ u . \L.(y—s-z\ |
e Mo~ e Foligeo-d- 1 fer

The solution for the various roots are:

. \a"*\ ("'(\ %?\ e == 0
?A(stszr\-¢\)=kg {\ ‘.(2‘*7\2 bz‘l(s__‘;) fw

m 2 O J_,_(;*\—AP\ i

-;‘_VLH <\>) "ﬂ (1= )




‘
°
oes old b)) o A 2021 r k) ..
Foloestp)=hor™ {4 - Y.(z-'\v\-—’Pi](sw\
* _ (-\\ Y ‘T LLirde) X
Tﬁ\( ~) - AP\](\*"“P\
°
N
Rovrf{y-sc e
2z 4 (328 UQ}T\-\_ (&-n\z-— *3_]
¢ y==
. F,- C (I A.uo) (b.rz\
°
. FE)= 0% v R+ GR v R (= Refy), ‘

(a2

B.2.1.2: n=1

The roots in this case become: S,= \*xl\*?‘.d,} ~ \*-\\,\'
C (———
S23 =N 4wy \=- ’Y (b\\q

S
) Su: A
2 N
where: Y= 24 %di( /2 1Y = (=4 %u d\‘/l)
( The recurrence formula is:
_ 1(35-23 \) RN -2 (L"”’) e = (b\b)

\ {(Ys-\\ % \\V-_,-\) Urs-\\-"‘( 1().5-0
( e ———-
....... 109



and the various coefficients are:

2 N/ W
Y R Wy D

e W lan e TG4

The general solution reads as follows

W2 W .x

Rt RO
AR = S b**-ﬂ\t\t\w-n AY 31
20\

The solution for the various roots are:

D=\ ANy, :F \*AY (.0 «\
e« By \ \(‘N"(\ «)( T (wfﬁu qﬂ Y.

1 * k “E;\S d

=\ S . ¥ -
= U T e ("-"ﬁﬂ( S

sarlt Faer  (AgBas- - Raco) (b.\ﬂ

Since S, =Sx the following solution is assumed (see [231):
a0 .
- . S
F.= C,r bn(r) ~ Z\Dhr\) N (E:,\«b\
e

Substitution of the solution in the D.E. (see eq. E.l1) yields:

DE. (Fln@) = 45" (4n%2pa) (ﬁ:‘r-‘?s\ + %32 (287 «
‘-(4'\ '2‘50..\(\ Ce P\ 48\\‘ (?r) ‘2* -

-2




P.E. (ib y-\\*" =\v- “'Z\'A{K_(rb \\ '\)( \(\*&, \) EJ + '?

o [.(}*S\V’—) =t ey z:( [y -y }(s-\)b

where D.E(FY)= Eq. (B.ﬂ with F=Fg. Thus,the result is:

e R) = (e Tt g b riﬂkys-q ¥\ Gooe)

i L(]*‘bvﬂ - 1> 2 (22=)
Equating the coefficients of the various powers of r to zero vields:
oL (-o‘) (o) \.(s\-\) —ap; b\ " = -

o (.\ 2): \L(z+s w) - A O .\(Z+s~.~\\\> +ai Uareq2)2 _\'3\3 <! :

*2«\ co =\ 2>

T E TR

-« T

l**« (e

J\ \,(1«-‘:- V) -'\}’q(r&;\) 'bJ * b L&
WP U&*SM-Q~ ]

t-(l*s\ z ‘“] <
2 .2 B ~2. :
T P (o) (2.20)

hence the fourth solution is:

R . :
Fy= Flne) + J_ §>:\\'-V - (220 ~
')-2

B.2.1.7: nr»=2

When n>=2 the rpots are:




31..\—\! ﬁg 3\“'\\/\
Sy \.\‘\i = 4N "‘: \*\\'\\)g_ (b?.?.\

where:

S = (2.('\1'1‘ Fc(d?/l)i 4t (,nl‘ ‘) (23-22 ‘q

The recurrence formula is:

sy
\ \(i* S“_\\z_,\‘,}‘“(.\*&‘- 0-{*_ _\Yﬂ \\-z_ (b 23)

Note that the detailed solution is described in article B.2.1.4.

BE.3.1.4: A general solution for a case with complex roots
. The complex roots are described by:
) s@1 \k) =5 (I\\() > ‘\ sy (1\\‘) ( E>-Z‘\\

and the recurrence formula in general is:

Noe s e
oo

’DQ“OM

M. (B5.22) 2

y® |

where:

Tevoma= (|+2) (S*s—\\ (S*s-zﬁ(j*s-'s) -sz(j.sﬂ(ja,s.-z)(ys\, -
‘*(\"’2\'\2-&- Rz‘)(jt‘.:\ (3‘4 b-—\) +(\a2nta F( ‘-') (S*—s\ -— 7

- ?—(Lh~\\1w-sbt;) KEbﬁZE>A3




After some algebraic manipulations we obtain:

) Serows (o (o' ()t ) -
DeroraR «{ Deroml ( . 206)
where:
TIRA = [(§~sa-\\‘_ 1)
AT - 2\_('\,&@_\\ |
° TIRZ = TWRA T —TOAT (bzg.\)
Tyze 2 T\RL - T\R2

k3
BeroraRs TIRZ-2 - TIRA = L=y (=P )

e  a
’

‘DenoemE = T\ - 2{'\'\&\

The nominator is:

ey

° Mrown = § "v-b-ﬂ’*—n‘ = Prom®4 { Rrenal (bz}t)
e (\‘-'» SR -2) - s
° Arown T=2 (3\3(2—?\, («1) (Eﬂ}-\)
}
d( The general recurrence formula, using complex notation, becomes:
k4
{\'t({*'& * ;h";\‘l' Ni_ (b.z
| ) R 3 2 &)
where:

Mg =~ Ao R Dernew® + Mswnl - Semewl
. Lo R s Pemen 1™

v

( ©2e. \)

}yx:‘._.khﬂovix”fbe~u~m¢i — AmouR . Demowl
J

-«
DQnMR’* bemo‘ul

......................
........................................................
..................................................................




For su=s._,,it can be easily shown that the recurrence equation is:
( P\ 2 =
b‘)= BJQ"' \ 31 % A§~2 (‘Bzo')

Hence the general solution is:

SRS

e,

LY
(ot Par) i - + G G 3 T gerihy
[h = (Mae-tPag)sivt. . s (—\WJ@J‘:’.TV(\e-i "‘*N

'
(—Ego\
If Fi=F,+F., and F1=F,-F2 with Ra=Ban=1/2 then, after some algebraic

-— R _;ﬁ(\n\'\
F, B %

manipulations we get

SR
:(:"a v [Sich (=1 \."\(ﬁ\ — Sae\n fsx\.'\(ﬂﬂ

- (QE>E>C}
B (Symalst\ng) — Syt sls1\ne))]
where:

S= 4- o ) y
A A Azk\l{"‘ R QN /:.(“_‘__) Prae
= 2, 31 (E =
S - hadrh o ) ey,
114 W
o e e D B B S




r ‘.‘"v,'f"_*—"‘-—'" wa - ot W NS e e e sl et e T - -
. ;
'i
B.2.2: Rc,=0 -
g The various solutions for [.,=0 are determined next. J{
B.2.2.1 n=0 8
The roots are: S=2S5,=2 -
° TR (5.3'2) :
S5 =S4 © -;
1
9
withYél ,§;O. The recurrence formula is (for sfﬁ)=
o 2 2
= _(ils"?)d‘\ ki-z O(% D‘
s Gemahe L (e
| {(Ys-\\_\\" (Ys)z \- )
'y Hence)the general solution is:
2 2 4 “ v.”z a2
E- = it L) Geee)
1 2 aizs = o)

® ?I;(.Yﬂ

2 ';i%\m\: hS (“"r)
(& =)

sz A (L_L,k\t,._kﬁto\

( LT O G B LSS N Naso) u

where J ¢ ,r) and ¥ ( ,r) are Fessel functions of the first and
second kind, respectively of zero order.

]
B.2.2.2: n=0 )
The roots are: l;\= 24N

N,y = 2-0 —
( h »32D) 4
: [
Nas -0 K
.'.1
B d 2
.:‘
¢ R
X
415 1

B A T T AR RO EIRC fJ--ﬂ-'-!n-!-l-------..-.g




T P ———

and __r;_l_-gve ‘.Tr 4‘\1

It can be shown, very easily,

Fas Inlir)

) :‘f“(g“\-\ (5&@

S al

K= ¥

’

{ where Jn(d,r)

that the various solutions are:

and Y, (¥, r) are Bessel functions of the first and
¢ second kind respectively of order n.




B.2.3. Be w0

-'. w TR R W W TRl e e

The solutions for n=0 and n*=1 are determined in the next chapters.

B.2.3.1: n=0Q

The roots are: o, .2

[ O

\Y)

Sam\+ (\-\§q\¢(‘\ b \+ Q.
\

Ses A= (\- \%“\&5\’2: -y

),
b,
kK < " RS
where r‘: L"\%(\'\di/z R ‘%&;0{;/2
2
For abs(f..i)sl,=1 the roots are:
S‘—-Z

Sz

Qs-s(‘-‘/‘

=0

The first two solutions appear in art.

derived next.
The recurrence formula is:

El

-

.

1.

.,_—&?(\snfr
M

LG *%—‘7 Bk X*%

Hence for s<==1 we have;
\@3
3 w\\\

The third solution then is:

2
22
-___r\'\-i‘_“_*
23>

-

1.

.

(& Y

:‘u?“‘: \~\?L:\\(i?

(%:beﬂ

The last two are

<E. 4o)

—_ ¥ (\*”s 2}
—A] (ysa:\\ (Y S i
(e:.'aﬁ\,
Y

4\ fd r\ “ (\f“

<

)z) )*" (s.m,

The fourth solution is assumed to have the following form:

Eq:C F l.h(r\ ZL (') >u
j\

(’b A2)




................................. T pa————y

Substitution of the solution inte the D.E Eq. (B.1), yields:

L)
D.E. (Q\Fékh(\"{) - C\&.ZK‘(Y&};\\~2F‘f(&~—s3¢\)n4(&*s '\(X‘*S}-z\
‘\:?_
«&}h‘\ri + 2u (jvs,-2) F\'-z“’} -

*%’_ﬂ_, (5.3“\(53»2) *ZF’:“ —4n2(n 5—\)} A.}

DeE. (ZE& 3+ 24) =\-Zv3‘ \\_5) Per > i Berorm S0 22 4
i )
(5‘4-\\1(&,-?,) R (= 4

where:
Denw= { &'«- S4- \\2(3# S -z) (3 T$«)

Braow = Ki-w,-z)\ ~—n

Equating the coefficients of the various powers of r to zero
vields:
o <

P .
"", (&:o\ B 33(55~0(‘:>3-2) C\QC‘ A (5‘1“\(‘5‘1‘2\$£a= -

we choose : Ciel o "‘L>-.<=

‘(‘3"(\‘:’) DoV Sy (245 s s e el *\4(‘-‘3*\\\(2*55\ a0,

+ 2&'\155 Mo * 0 w==a l—"z: — DA (5,44)
G s (22

where DAl equals the terms in the large brackets of Eq. (EB.44).
The recurrence formula for b, is:

k2
L.= -DAA - Y0-2 o Prom

=, A8)
J 1>Q€Y (
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B.2.3.2: n=1

° "1
The roots are: Saz l* A-\F(- d;‘ = \'“b'\
= |\~ (A‘ \r(.‘d \‘A?\ (B“(o)
. sb‘ \
Y

where K‘-Z“fu\d:/z- a2 \?n:\&az/z\?: ‘NQ% :\a?— *&-CU’:— o

The third and fourth solutions are the same as those derived in art
B.2.1.2.
The first two roots depends on #,. If abs(B..,) ,<4 then those two

roots are real and the solutions are the same as those derived for
positive fI., , (see art. B.2.1.2).

For abs(fi-;) ,=4 the first two roots are equal to 1, namely all four
roots are equal.The four solutions are:

::\"

Lo rlne) Z\b\l \") «\

X () - ch(\ﬂ
Fos v (ne) +‘§ o\\r)“

The various coefficients b,, c,, d,, are determined by the same
procedure appgaring in the previous article. .
For abs(f..)o{:4, the first two roots are complex and equal to:

S,V +1 oy
Sa= \=\p (%.A&)

The general solution for this type of roots appears in art.
B.2.1.4.

(e;.t.‘f)

812- 2. n:-':'=2

—_—
The roots are: S.= ‘*(K*ﬁ.z'-‘ \r‘\\(\

S




2 Y2
For abs(B.,)¥;<2)S (see Table 1),? ZI=-C),’\*'4 is a real number and’\*’z_ is
complex. Hence the roots are:

$\- \#‘Y\
b“\‘f\?‘ (E;.so)
St \a \'\\(,_

Su:\"lﬁk

2 (’b,&o.\\
\*: \*“'\2‘\‘%0.',\0(\'/1'
3
* ? 2 UL

(= (z«\-\%»w;/z\ - 4 (W)

. (\.
The solutions for these type of roots are given in art. B.lZ.l.o.
That solution also covers the range ©0< abs(B.:) , <2 .
If abs(Bo, 3> then "2 is negative meaning the roots are:

==\ Lmlz= \s ("*/g"’ \’\{/x\

T \NV-‘& s (Y= Ny |
S 1=V (e
where: "2
\\'95&(3-.6/2_ : g: R o
'\)(1= é’z';,,‘.‘trjl ' i RV~ B (5'5\">
r“"
R = (Y?-«»S ) > ' QV(\Q\B": ® %/\fw
and s.=s> and S:=sa. (The ( )* means complex conjugate number).

The general solution for this type of roots appears in art. B.2Z.1.4




2
80204. “"0,&;:1 0

In this case the uniform part of the stress field is zero and the
differential equation (Eq. B.1), becomes an Euler type. The solution
for this type of equation is given by functions then by power

) series.
The indicial equation is the same as for the power series solution,
Eq. (B.4). The various roots are described in Table 1. The solutions
for the various types of roats is derived next.
The roots in general are:

(—'—*7‘
5|'z= \_"; . #Y >

i (%.52)
NG
Say VLAY
where: T" \a R, %t‘ “\2 >
- - B.S2.

¢ (\ = 4'\- 2'\1‘5(‘&‘1 Y Ft; G\‘:/A ( \)
o

B.2.4.1: n=0, 3., >0

_ The D.E. is equal to:
® Vet o E >\ e \
‘ -+ *-F‘—\ L& ‘)F‘ + (\i"?(“ﬁ((:) F= L) (BSS)

and the roots are: <= \+‘\* e = \a sy

¢ $2:\*\\*%(;d\,1 & \- *{

EM
(e
Suzo
¢ The general solution is:
a ¥, \-<p,
F=Co"T 4 C,¥ * - Car T4 Cy (5557

912-4-23 n"‘)g r‘c:t‘-’.(:)

The roots are: 5\,2.-‘-"-’-.\*9( (BSC’)

.................................

-----




CRAE AL S el - A 2 Bhlh Sl ~id A Ave b o 1A Sre crest aam oo o

_ Hence the solution is:

: Q_\ (\‘h Cz\-(\" \‘b\‘\ Y Cb(‘l*- C‘H (b&)})

In terms of trigonometric functions, the solution becomes -

F= v o (e M+ Corsin (ilne) » Car b (os=

B-234-3= n:>0, ﬁrl'}Q

The roots in general are:

=\ \\ #XQ = RQ(S.\
= \—{ V-&SVL = Re (S,) (’E‘:.&‘ﬂ

T2 \ » E‘-X':‘
S 2 \-\K-X"- -

wheret ?&,: Va2, %t;.u‘/l

§= 4\'\7321\2\5 \;.Lf‘*\af;u"; /l—n (b.S“\-\\

The roots sx and sa are real if:

> ()

Expressing this in terms of n and B., yields: ’T
Wai> Pe: (bcpq
Thus, for h7_\>?"‘ the solution is:

(u

1 #il‘ ‘1 ) /2 \l .5 -4 -S :
F%Y‘[Q\rr «C,r \‘ 5' Y' r ' X C—l\ r } (égz)
and for Y\1-\<F¢,', we get:

F- ric\w \przﬂsm& S Y AR (N ﬁ(ﬂﬂ
A

When v?-\:FC‘ we get:

\'—:r‘g_‘r T ~¢, C S Ly Q, va(“)l (B‘c’ﬂ




-

...........................

902-4n4= n::"c)’ ﬁl'.‘i'::‘.(:)

In this case the roots are: SSV-\~\{f—3inf
eb:\-‘(i:?fvz
EASIES (T"-S' 2
Syt - W‘

\

( = 65)

\,7—
and‘r and(. are the same as in article B.2.4.3, but with a negative
Bei. The roots can be real or complex guantities. The roots s, and
€S- are real if:

\Iz
Fig >0 %.bg\
The roots s+« and sSa are real if:
‘in [EDB
¥-5"% o iy
After some algebraic manipulation and substitution of n and GL} we

get:
t—nl > l??-.:\ (’b‘(,a‘)

\’1
which is also correct for NY > O
The solution for \~03>\?m;\ is:

F= r{LQ‘r f’x’zwc,_r‘ - N v 2C\1r’ C- } (&.e

and for ng.ﬁvl- the solution becomes:
v \ PO :.
F=r &C—\ mk(“vslz)'zb’\(“\l-\ C.zf‘.s:h(;(?g-o\-vl\ z\.h(r\] + C3>" T

—~C~\\—°‘r\:.—Yﬁ S (%}J

)
I Y<§-L the solution equals:

vy, \lj
(et (P V)" N :
= r‘ic‘r \* - Cz‘” (V ) ) *Cétwvr‘g ’?)’Zb\(r{l * 2

usin “ﬁ"’\wzwﬁ g3
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and for Er - the solution reads:

..(\T-—?T’——.& ( ‘b?—z)

F s \"\_ C1 *QQL‘\(‘\)'\ Cb\" YJQ &.\ QMV

\,z
For \*.f we get:

_ e (F7
te ([(\( v aAAN - «Cy Cq\»(ﬂ] (%?&)
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<
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®
Appendix C: The characteristic equation for a circular plate composed of
annulars parts
L J
The characteristic equation is obtained by employing the boundary
conditions, and compatibility and equilibrium at the inner joints.
The conditions which must be satisfied at the inner joints are:
®
at r = r1: w1 1" w1 2
<
M, e (c.1)
ar or *
rr - Mrr
11 12
o
Q = = Q
rr1 1 rr, 5
° where
32w v oW 1 82w
[,y (@, 13w,
rr 2 r ar r 2
mr a6
(C.1.1)
s . 9 2 1*v 3 9,1 ow
er { ar Vi + r 38 [ ar ( r 78 )]} D
The condition at the boundaries can be any one of the following: {(See [9]).
(
oW
(1) Clamped edge: w =0 , et 0 (C.2)
(2) Simply supported edge: w =0
( ;
2 2 -
AW v ow 1 W -
=022 (X, ¥ (C.3) -
rr arz r r r ae2 .
5
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(3) Free edge subjected to uniform compressive force pg:

BZW v ow ) 2w
= (0 = +—(—+——)
rr > r ar r 5
ar 36 (C.4)
p
9 2 1#v 9 9 1 ow O oW
U= 0= W T lg G gl e
(4) Free to deflect but not to rotate:
ow
5 =0 (€.5)
. p
9 2 1=v 3 9 1 oW O oW
Up = 0= "W gy [ e 5 =
A support, at an inner jolnts, is characterized by
Po= Tyt Yeker T Yk O
W ke ) My c.6)
ar ar *
2 2
T Wy m1 My
Mrr - Mrr 2 2
k k&1 k k ar ar

In order to derive the characferistic equation, we start with the
inner part.,, which can be either a hole or a continuous circular plate. The
case of a plate with a hole is described by boundary condirions atr the

inner edge of the annular plate.
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The case with an inner circular

®
plate will be discussed next. The
deflect.ion equat.ion for the circular
part i3 described using 8,1 = 0

®

(See Appendix B) for various

n# values.

n ~n
FN(r) - C1NJn(u) + CZNYn(u) + C3Nu ChNu

(€.7)

where u = aNr.

For F(r) to be finite at r = 0 , C2N = C3N =0
hence

n
Fy(r) = Coud (a) + Cppu (C.8)

The solution of the outside annular plate 1s:

Frer = ConatFrCnea? * Co nuiFaltier) * C3 i F3liy-g) *

Cun~1pu(“nn1) » where u. . = ay,r (C.9)
If the boundary condirions at r = rth are:
wi(r=r,,) =w
N~2 N'.___1N'-2
ow
= | . =W, (C.10)
o 1 P N N=2

then using the B.C.'s at the mutual jolnt, N~1, we have:

at p = r. 3 =0 (C.11)

Nw1 N Ne1  Net Ne1




M. 32+x[3_+1_3_2),02(22_+ w3 .
N - r ‘or r ae2 N au2 U du u2
2 2 2
Q ° 2 1*v 9 1 9w 9 P 19 n
=5 Y =S )rqglgm (gl
98 ou u
S o Y (R S T

hence after some algebraic manipulation yields:

3 2 2
Q 37 .93, 1 35 _1 oy L2 2,3, (3*v)n
L‘N’°‘N[a3"3 5 = =3 ((1=v) 0% 1+ n®) 5o s 3
u U u 1
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Appendix D: Manual for Buc.bas = buckling analysis of multi~annular plate

(IBM - P.C Version)

Insert in Drive A the Basic Compiler diskette,

Insert in Drive B the disk containing the Buc. exe. and the input file,

inpat file

Line 1: Answer yes or no on the following questions:
1) Do you want fintermediate printout?

2) Do you want normal mode printout?

3) Do yo1 want a parametric study? (Two part only)
4) Is it buckling in tension (T) or compression (C)?

Ex: yes, yes, no, T.

Line 2: Input name of example

Case a: If answer on question (3) is yes, then:

Line 3: Input lowest and highest buckling modes. (Ex. 0,4)
Line 4: 1Input to questions: 1) Are there horizontal springs?
2) Are there vertical springs?
yes = 1 no = 2 Ex: 2, 2, (No springs)
Line 5: Input hortizontal restraints, loading and springs (if answer for
question in line U4 {s yes) & for each joint on separate line.
Line 5 - joint O

Line 6 - joint 1,

[N . . . . - « . R et w
B S T R T TP R I A
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Poisson rattio = 1/3
lowest E,/E, related to 1 and highest modulus

ratios ~ T)

ST . R -

L N U e T e = e ) et

R R A AT AR IR e . o PR S R IR S PR
P a2 CRLIRAT WA WP I L S WL RN S IPRAPNE. W W . W W W W WA N N S

T
Line 6 + npr + npr: Input (for each joint on separate line)
horizontal restraints, loading and spring (if i
the answer is yes to first question in line 5)
Line 6 + npr x 3 Input (for joint on separate line) vertical b.c.'s
and spring (if the answer is yes to second question in )
line 5).
Example (Parametric study- case a)
trn—-plane b.c. ————— S=zm=z====z —————
Forces: ~) (~
Vertical B.C T —— | mmmmomomms e e B
(%] i i Q
1 2 & 1
1. no, no, yes, ¢ {no printout, no printout of normal mode, parametric
study (two part, compression force.
2. Example #1 (name of example)
-
3. 2,2 (No springs in horizontal and vertical directions) V
L. 0,3 (lower mode 0, higher =-3)
5. 0,1 (free to slide, P * 1 - joint O
o)
6. 2,0 (Continuois in horizontal direction, pe1= 0) ~ joint 1
7. O B.C. =~ simply-supported ~ joint 0
~ joint 1
8. 10 continuous -
9. 1.5 0.3333, 1, 7 (outer radtus - 1.5

el
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.
10. 1,9,1.1 (lowest r,/ro - 1, highest r,/ry - 9 and the factor
* mulviplying Pep (E;7E,, r/rg=1) v 1.1)
1. 10.1,0.5,1,2,10,100 (modulus ratios related to 1 to 7)
o
Explanation:
Line 7: Input vertical boundary conditions and spring {f the answer to
® second question in Line 4 is yes.
Line 7 - joint 0
Line 8 - joint 1
< Line 9: Input 1) Outer radius
2} Polson ratlo (constant for all parts)
3) Lowest and highest integer (maximum 7) related to E,/E,
® Ex: 1.8 , 0.3333, 2, 7
Line 10: Input 1) Lowest and highest integers minimum/maximum 9
related to Ey/E4.
® 2) A factor which multviplies the P, found for a lower
ry/rq.
Line 11: Input modulus rattios, E,/E, (No. of values must be equal to
¢ (highest-lowest) integer appearing in line 9.
Case b: If answer to question (3) on line 1 is no,
Line 3: 1Input 1) No. of part (No. of annular + circular parts)
{ {maximum = 5)

2) No. of maximum terms {n series (smaller or equal than

80.

13)
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Line 4: 1Input lowest and highest buckling modes.
Line 5: Input tvo questions: 1) Are there horizontal springs?
2) Are there vertical springs?

yes, =1, no = 2, "Ex.: 2,2
Line 6: Input (for each joint on a separate line):

1) E~ modulus of Elasticicy

2) Pg~ Poisson ratio x npr

3) T - Thickness
Line 6 + npr: Input (for each joint on a separate line): radius of joint

Example (3 part plate)

in-plane b.c. Soess ESSEE cooso——--- ==Ess —--es
Forces: - =
Vertical B.C Y e ===== T EEmEEmE eme———— 'y
0 1 e 2 1 o
1 = 3 3 = 1

1) no, yes, no, ¢ (no printout, print normal modes,

no parametric study, compression)
2) Example #2
3) 3, 50 (no of partr~3, no of terms in each series = 50
§) 0,5 (lowest mode - 0, highest mode - 5)
5) 2,2 (no-spring in horizontal and vertical direction)
6) 1,0.333, 1 (E(1), Pg(1), T(1)) - plate 1 1
7) 1,0.1666,1 (E(2), Po(2), T(2)) - plate 2
8) 1/2, 0.0, 1 (E(3), po(3),T(3)) - plate 3
9) 3 (r(0))
10) 1.5 (r(1))

----------
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b 11) 1.0 (r(2))
12) 0,1 (sliding, Pe * 1.0
0
13) 2,0 (continuous in horizontal dir., Pe = 0
1
P 14) 2,0 (continuous in horizontal dir., Pe = O
2
15) 0 (simply supported)
16) 10 (continuous)
@
17) 10 (continuous)
Y
®
®
[ 1
L]
(
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Appendix E: Computer Program —-Buc.bas

10 REM Buckling analysis of circular plate composed of
annular and circular part with different mechanical and
geometrical properties.

20 REM Frimary analysis is performed using stiffness
equations starting at line 1000 and ends at 1380

30 INPUT "name of INPUT file ( name should include disk drive
letter) "; INFUF

40 OPEN INPUS FOR INPUT AS #3

SO0 OPEN "lpti:" AS #1}

60 REM OPEN OUTP$ FOR OUTPUT AS #1

70 DEFDBL A -H:DEFDBL P-Z

BO SS1S="##.##":SS2E="##H#. $##"  SSTS="H#44H#, ##4#": IPRI¥="no"

90 DEFINT I-0

100 REM Cluestions: 1. Do you want intermediate printout~-yes

or no,yepr#

2. Do you want normal mode printout--yes
or no,yenor$

3. Do you want parametric study (Tow
parts)-yes or no,yepar#

110 REM "Is it buckling in "tension"(T) or "compression"(C)"

120 INFUT #3,YEFRS$,YENOR®,YEFPARS,YETYS®

130 INFUT #3,NAMEC$:REM INPUT "name of example";NAMECS#

140 IF YEPARS$S='"yes” THEN NPR=2:NPL=NPR:NNS=80:G0TO 160

150 INPUT #3,NPR,NNS:NFL=NPR:REM input "no. of elements in

the power series solution. No. of plates including
holes" :NNS,npr

160 INPUT #3,NOO,NCMAX:REM INPUT "The lowest and highest

buckling mode (in circumferntial direction"inO0O,NCMAX

170 INFUT #3,1YESH,IYESVIREM INPUT "are there any spring

support in horizontal and vertical directions.
Yesh=1,yesv=1,noh=2,nov=2"3 IYESH, IYESY

180 OFPTION BASE ¢ " |

190 REM Dim declaration for the primary sub.

200 DIM E(S) ,FO(5) ,T(S),BETA(4) ,D(5): REM starting from 1

210 NPLI=NPL-1:NBC=2+4#NPLI:NBC2=NBC*NEC:DIM R(4),IRES(4),

FPE(4) ,B(18B),SA(4,4),5(4,4),5SSL(4) ,SSR(4) ,U(4) ,AA (324)
WL (324) ,M(324): REM -gstarting from QO ,except b and a
220 IF IYESH=1 THEN DIM UK (4) ~
230 DIM SOF (S ,S0CF (%) ,SRR(S,10) ,S00(5,10) ,UU(S,10}) ,RR(5,10)3
REM starting from 1

240 REM Dim declaration in lines 75-90 are for the bauckling

analysis

250 DIM IBCW(4),IBCWG*$(4) ,WR(4,4) ,DWR(4,4) ,BEMR (4,4) ,SHR(4,4)

260 DIM WL (4,4),DWL(4,4) ,BML(4,4) ,SHL (4,4)

JEBMAT(18,18) ,SBM(17,17) ,J00 (4)
EBMAt~-gstarts from 1,1 to 4#npli+2,4#npli+2

270 DIM PCRR(7,9) ,S0FD(3) ,S0CFD(3) ,SRRR(4) ,SRRL (4) ,

HJ(4) ,JH(4) ,IND(4) ,DA(BO),D2A(B0O) ,D3A(BO) ,ARA(BQ) ,
E22(7)

«J
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280 DIM GAMMA(S) ,ALAMDA(S) ,WW(S5,10) ,DWW(S5,10) ,BMW(5,10),
® SHW (5,10 ,8R( 5,4),85I1(8,4) ,F(5,4),DF(5,4) ,D2F (5,4),
D3F (5,4) ,D4F (5,4) ,A(5,4,80) ,8U(2) ,D8SU(2) ,D28U(2) ,D3ISU(2)
,D4SU(2) ,G(2) ,DG(2) ,D2G(2) ,D3G(2Z), D4G(2),H(4) ,DH(4)
yD2H(4) ,D3H(4) ,D4H(4)
290 IF IYESV=1 THEN DIM WK (4)
300 IF YEPAR$="yes" THEN GOTO 370
@ F10 REM INFPUT OF DATA
320 REM MECHNICAL AND GEOMETRICAL PROPFERTIES
330 FOR J=1 TO NPL:INPUT #3,E(J),FPO(J) ,T(J):E(J)=E(J)*12# (1~
FO(J)#FD(J))
340 D(I)=E(J)*T(J)"3I/12/ (1~-PO(J)#PO(J)) :NEXT J
350 FOR I=0 TO NPL-1:INPUT #3,R(I)INEXT I
360 FOR I=1 TO NPL-1:BETA(I)=R{(I-1)/R(I):NEXT I
370 REM restraints and external forces
380 FOR I=0 TO NPL-1:INPUT #3, IRES(I),PE(I):IF IYESH=1 THEN
INPUT #3, UK(I)
390 NEXT I
400 REM input of b.c. for vertical displacement
410 FOR I=0 TO NPLI:INPUT #3,IBCW(I):IF IYESV=1 THEN INPUT

I, WK (D)

420 IF IECW(I)=0 THEN IECWG$(I)=" " ELSE IF IBCW(I)=1 THEN
IBCWGS (I)=" }" ELSE IF IBCW(I)=2 THEN IBCWG$(I)="!!" ELSE
IF IBECW(I)=3 THEN IBCWG$(I)="K~" ELSE IF IBCW(I)=4 THEN
IBCWGS (1) ="

430 IF IBCW(I)=10 THEN IBCWG$(I)=" " ELSE IF IBCW(I)>=11 THEN

IBCWG$(1)=" ~" ELSE IF IBCW(I)=12 THEN IBCWG$(I)=" "
ELSE IF IBCW(I)=13 THEN IBCWGS$(I)="K"" ELSE IF IBCW(I)=14
THEN IBCWGS(I)="i}"

440 NEXT IsREM IBCW(I)=0 to 4 means edge b.c. IBCW(I)=10 to
13 means b.c. at inn -er Jjoints

450 IF YEPAR$="no" THEN GOTO 530

460 REM "Data for a parametric study"

470 REM "TWD FLATE type -———-z==ssm———w-

480 REM "Farameters: l)po(poisson ratio)-~.3I333,

De(l)=1.0,e(d/e(1)=.01,.
210,100
IrO)=1,000,r(1)/r()=0,1 to
«9ydec=.1

490 T(1)=1':T(2)=1"11E(1)=1

SO0 INPUT #3,R(0) ,PO0,IE210,IE21F:P0(1)=F00:FPO(2)=P00

S10 INPUT #3,IR10S,IR10F,FPFACTO

520 FOR I=IE210 TO IE21F: INPUT #3,E22(1):NEXT I

530 FOR NC=NQO TO NCMAX:IF YEFAR$="no" THEN GOTO &40

540 E(2)=1,.1: IYEINTE=1:1G0SUB &350:E (2)=0

S50 PRINT "==—==—03> ne="3NCs INFUT "pO~——=for nc';FCRO

560 FOR IE21=1E210 TO IE21FI1E(2)=E22(IE21)

S70 PRINT "pfactO=";PFACTO; INFPUT "pfactO-new";PFACTO

S80 CCD=12#(1~FO0#FO0) :D(1)=E (1) #CCD*T (1) #T (1) *T(1)/12/ (1~
POCL)®PO(1)) sD(2)=E(2)#CCD%T(2)#T(2)%T(2)/12/ (1~
PO(2)#PO(2))

SF0 PRINT #1,:PRINT #1,1PRINT #1,:FRINT
#1, TAB(1O)1"r1/rO" 3 TAB(29) 3 "e2/el="1 1 PRINT #1,USING
SSTISIE(2) :PRINT #1,

B
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600
610
620

630
640

650
660
670

680
690
700

~N N
H
<O

7350
735
760
765
770
780

790

800
810
820
B30

84¢
850
860
870
88"
890
00

910
20
930
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FRINT "e(2)="3E(2),"pcrO=";PCRO

FRINT "e(2)="31E(2),"pcrO="3FCRO

FOR IR10=IR10S5 TO
IRIOF:R(1)=IR10/10#R(0) s BETA(1) =R (0) /R (1)

PRINT "r(1)="3R(1) ,"pcrO="3FCRO

REM Main program which calculates the Pcr for each
nc(no. of circuferential waves)

GOSUR 2250

IF YEFAR$="yes" THEN GOTO 490

PRINT "intial value of Fcr=FO%D0O/r (npli)) "2 —---input pO -
~=for NC="iNCi1INPUT PO:FCRO=PO®*1!/R(0) /R(0) :PRINT PCRO
GOSUE 1980:FPCRR(0,0)=FCR1 :G0SUR 980:G0TO 12350

BOSUE 1980:PCRK(IE21,IR10)=PCR1:GOSUB 980:G0TO 1230

FOR I=1 TO NPLI:SOFD(1)=FCR#S0OF(I)/D(I):IF

ABS (SDF (1)) <=,.00001 AND ABS(SOCF(I)) »,00001 THEN

SOF (1) =0:60TO 720

IF ABS(SOCF(I))<=.00001 AND ABS(SOCF (I)/SDOF (1)) <=.,00001
THEN SQCF (I1)=0

SOCFD(I1)=SOCF (I)*#FCR/D(1):SRRR(I-1)=8RR(1,0)*PCR:
SRRL(I)=PCR#SRR(I ,10):1IF SOCFD(I)=0 THEN FCRSI=0 ELSE
FCONST=NC#*NC-1

IF NC=0 THEN FCONSTZ2=( ELSE IF NC=1 THEN FCONST2=-4 ELSE
FCONST2==4#NC* (NC-S@R (FCONST))

IF SOCFD(I)=0 THEN PCRSI=0:PCRSIZ=0:G0TO 770
FCRSI=FCONST#D (1) /S0OCF (1) :PCRSIZ2=FCONST2#D (1) /SOCF(I):
PRINT "pcrsi,pcrsi2="3PCRSI,PCRSI2:IF PCR=FCRSI THEN
SOCFD(I)=FCONST ELSE IF PCR=PCRSI2 THEN SOCFD(I)=FCONST2
IF PCRSI<O THEN FCRSIL=PCRSI#*1.01:PCRSIR=,99%PCRSI

IF PCRSI2<0O THEN PCRSIZ2L=FPCRSIZ#1.01:FCRSIZR=.99#FPCRSIZ
IF PCRSI>0 THEN PCRSIL=FCRSI#%*.99:PCRSIR=1.01%PCRSI

IF PCRSI2>0 THEN PCRSIZL=PCRSIZ2%*.99:PCRSIZR=1.01#PCRSI2
NEXT I

IF E(NPL) =0 THEN GOTO 790 ELSE SOFD(NFL)=— SRR (NPL,O)
#FPCR/D(NPL) s SOCFD (NFL) =0: SRRR (NPL I) =FPCR*8RR (NPL, )

FOR I=1 TO NPLI:RI=R(I-1):IF SOCF(I)=0 THEN GOSUR
1620:G8T0 810

GOSUBR 3390

IF I-1=0 THEN INDE=0Q ELSE INDE=0

FOR k=1 TO 4:GOSUER 6130
WROI=-1,k)=F(I,k):DWR(I-1,k)=DWiBMR(I-1,K)=BM:SHR (I~
1,K)=SH+SRRR(I~1)#DW:NEXT kK

RI=R(I):IF SOCF(I)=0 THEN GOSUB 1620:G0T0 B&0

GOSUR 3780

IF I=NPLI AND E(NFL)=0 THEN INDE=1 ELSE INDE=0

FOR k=1 TO 4:GO0SUR &£130
WL(I,k)=F(I,k)2DWL(I,k)=DWsEBML (I,K)=BM:

SHL (I ,k)=SH+SRRL (1) #DW :NEXT K:NEXT I

IF EXNFL)=0 OR T(NFPL)=0D THEN GOTO 950
I=NFL:RI=R(NPLI)1GOSUE 1620:FOR KkKW=1 TO 2 :IF KkW=1 THEN
k=1 ELSE IF kKkW=2 THEN k=4

IF KFROB< -0 THEN K=kkW

GOSUR 6130

WROI-1 kW) =F (I k) :DWR(I-1,kkW)=DW:BMR(I-1,kKW)=BEM: SHR (I~
1,KKW)=SH +SRRR(I-1)*DW:NEXT KKW

o S i




\f.'I'ut—v_'.'-b'-r. Ve - W VWY NS W,

940 REM WR(I~1,2)=F(I,3)sDWR(I-1,2)=DWiBMR(I~1,2)=BM:SHR(I~-

® 1,2)=SH+SRRR(I-1)%*DW

950 GOSUEBR 1280

960 N=NBCC:GOSUE S640

370 RETURN

980 REM "calculation of the Ci for the varios functions

990 IF YEPAR$="yes" THEN GOTO 1000 ELSE IF YEFPAR#='"no" AND

® YENOR#="yes" THEN PRINT "nc="iNCiTAB(30)
"Per="3;FCRR(O,0) #*R(O) *R(0) /1§ "#d0O/r (0) 2"
FPCRR1=PCRR(0,0) 1 GOTO 1030 .

1000 BEEP:1FRINT " nc="gNC:PRINT " @(2)="3 :PRINT USING

SS2$1E(2) sPRINT" r(1)/rOo="3 : PRINT USING
SS8283 IR10/10:PRINT For="3 s PRINT USING
o SSIFIPCRR(IEZL,IR10) #R(O) #*R(0O) /11§ e PRINT

*#dO/r (0) 2" 1 PCRR1=PCRR (IEZ21,IR1O)

1010 PRINT #1,TAEB(9) : :PRINT #1,USING SS2%3; IR10/103 :PRINT
#1,TAB(24) s : PRINT #1,USING
SEI3$IPCRRIIEZL,IRIO) ¥R (O) #R(0) /1

1020 IF YENOR$="no" THEN RETURN

1030 FOR I=1 TO NBCC-1:FOR J=1 TO NRCC-1:SEM(I,J)=BMAT(I,J):
NEXT J:B(I)=-BMAT (I ,NRCC):NEXT I

1040 1SS=03FOR I=1 TO NBCC-1:FOR J=1 TO NECC-1:155=155+1:
AA(ISS)=SEM(J, 1)t NEXT J:NEXT I:N=NBCC-1:G08SUE 29101
B(NBCC)=1"':G0TO 1050

1080 FOR I=1 TO NEBCC:PRINT "b("3;Is")="3:B(I)sNEXT I

o 1060 FOR I=1 TO NFLI:FOR JW=0 TO 10:RI=RR(I,JW):IF I=1 AND
JW=0 THEN INDE={ ELSE INDE=0

1070 IF I=NPLI AND JW=10 AND E(NFL)=0 THEN INDE=! ELSE
INDE=O

1080 IF SOCF(I)=0 THEN GOSUB 1620 ELSE GOSUR 3350

1090 INJ=4%(1-1):SUMW=0: SUMDW=Q: SUMBM=0: SUMSH=(0: FOR k=1 TO

® 43 INJK=INJ+K1 GOSUR

6130: SUMW=SUMW+E (INJK) #F (I ,K) : SUMDW=SUMDW+E ( INJk) #DF (I ,K) : SUM
EM=8U MEM+E (INJK) #*BM: SUMSH=SUMSH+B ( INJK) #SH: NEXT K

1100 WW(I,JW)=SUMW: DWW (I ,JW)=SUMDW: BMW (I ,JW)=SUMEM:

SHW (I ,JW)=SUMSH +SRR( I,JW)*FPCRR1#SUMDWINEXT JWiNEXT I

1110 IF E(NPL)=0 THEN GOTD 1140

1120 I=NPL:FOR JW=0 TO S :RI=RR(I,JW):1IF JW=5 THEN RI=,00001

1130 IF SOCF(1)=0 THEN GOSUE 1620 ELSE GOSUR 3350

1140 INJI=4#NPLI:SUMW=0: SUMDW=02: SUMBM=0: SUMSH=0:FOR k=1 TO 4
STEP 3: INJ=INJ+1:G0SUH

61303 SUMW=SUMW+B (INJ) #F (I ,k) : SUMDW=SUMDW+E ( INJ) #DF (I ,K) s SUMEM
=EUME M+B (INJ) *BM: SUMSH=SUMSH+E (INJ) *SH: NEXT K

1150 WWT,JW)=SUMW: DWW (I ,JW)=SUMDW: BMW (I , JW) =SUMEM:

SHW (I ,JW)=SUMSH +SRR( I,JW)#*PCRR1#SUMDWINEXT JW

1160 WMAX=0:FOR I=1 TO NPLI:FOR J=1 TO 1Q:IF ABS(WW(I,J)) »=
ABS (WMAX) THEN WMAX=WW(I,J)

1170 NEXT J:NEXT 1

1180 IF E(NFL)=0 THEN GOTO 1210

1190 I=NPL:FOR J=1 TO S:IF ABS(WW(I,J)) »=ABS (WMAX) THEN
WMAX=WW (I ,J)

1200 NEXT J

1210 GOSUB 7030

1220 RETURN
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PCRO=PFACTO#PCRR(IE21,IR10) :NEXT IR10Q
PCRO=PCRR(IE21, IR10S) : NEXT IE21:G0SUB 6350

NEXT NC

CLOSE

END

REM Sub. which constructs the Buckling Matrix

FOR I=0 TO NPLI:IF I=0 THEN GOTO 1450

IROW=2+(I~1)#4: ICOLM=(I-1)#4: [1=]IROW+1: I2=IROW+2:
I3=IROW+3: I14=1IR0OW +4:IF I=NPLI THEN KMAX=6 ELSE KMAX=8
IF I=NPLI AND E(NFL)=0 THEN GOTO 1510

IF IBCW(I)=10 THEN GOTO 1330 ELLSE IF IBCW(I)=11 THEN
GOTO 1360 ELSE IF IEBCW(I)>=12 THEN GOTO 1390 ELSE IF
IBCW(I)=13 THEN GOTO 1420

FOR K=1 TO KMAX:ICK=ICOLM+K:IF K>4 THEN GOTD 1340 ELSE
BMAT (I1,ICK)=WL(I,K) :BMAT(IZ2,ICK)=DWL(I,K):

BMAT (I3, ICK)=BML (I ,k):B MAT(I4,ICK)=SHL(I,K):B0TO 1350
K4=K-43BMAT(I11,ICK)=-WR (I ,K4) :BMAT (12, ICK)=-DWR(I,K4)¢
BMAT(I3,ICK) =-BMR(I,K4):BMAT(I4,ICkK)=-8HR(I,K4)

NEXT K:GOTO 1570

FOR k=1 TD KMAX: ICKk=ICOLM+Ks:IF K>4 THEN GOTO 1370 ELSE
EMAT(I1,ICK)=WL(I,K) :BMAT(I2,ICK)=0"!:
EMAT(IZ,ICK)=DWL(I,K) :BM AT(I4 ,ICK)=EML (I, K)1

GOTO 1380

K4=k-4:BMAT(I1, ICK) =01 BMAT (12, ICK)=WR (I ,K4):
BMAT(I3,ICK)=-DWR (I, kK 4):BMAT(I4,ICK)==-BMR(I,K4)

NEXT Ki1GOTO 1570

FOR K=1 TO KMAX:ICk=ICOLM+K: IF K>4 THEN GOTO 1400 ELSE
BMAT(I1,ICK)=WL (I ,K):BMAT(I2,ICK)=0!

BMAT (I3, ICK)=DWL(I,K):BM AT (14 ,ICK)=0!:G0OTO 1410
K4=K-4: BMAT (11, ICK)=0!':BMAT (12, ICK)=WR (I, K4):

BMAT (I3, ICK)=0!:BEMAT( 14,ICK)=DWR(I,K4)

NEXT K:60TO 1570

FOR K=1 TO kMAX:ICk=ICOLM+k:IF K>4 THEN GOTO 1430 ELSE
EMAT(I1,ICK)=WL (I, ,K):BMAT (12, ICK)=DWL (I k)

BMAT (I3, ICK)=EBML (I ,K):B MAT(I4,ICK)=SHL (I,K)-

WK (D)WL (I,k) :GOTO 1440
K4=K-4:BMAT(I1, ICK)=—-WR (I ,K4) 1 BMAT(I2,ICK)=-DWR (I ,K4) ¢
BMAT(I3,ICK) =-BMR(I,Kk4):BMAT(14,ICK)=-SHR(I K4)

NEXT K:60TO 1570

IF IBCW(O) =0 THEN GOTO 1460 ELSE IF IBCW(O)=1 THEN GOTO
ELSE IF IBCW(0)=2 THEN GOTO 1480 ELSE IF IBCW(0)=3 THEN
GOTO 1490 ELSE IF IBCW(D)=4 THEN GOTO 1500

FOR k=1 TO 4:EMAT (1 ,K)=WR(0,K) :BMAT(2,k)=BMR(0,K) tNEXT

K: GOTO 1570 q*
FOR K=1 TO 4:BMAT (1 ,K)=WR(0,K) 1 BMAT (2,K)=DWR (0O ,K) :NEXT

K3:GOTO 1570

FOR K=1 TO 4:BMAT (1,k)=DWR(0,K)1BMAT (2,K)=SHR(0O,K) :NEXT
K:GOTO 1570

FOR E=1 TO 4:BMAT (1 ,k)=BMR(0,K)3BMAT(2,K) =SHR (0, K) -

WK (1) #WR (O, k) s NEXT k:60TO 1570 ﬂ
FOR k=31 TO 4:EMAT(1,k)=BMR(0O,K) :BMAT (2,K)=SHR(0O,K) 1NEXT

K:GOTO 1S70




1510

1520

1530

1540

1550

1560
1570
1580
1590
1600
1610
1620
1630
1640
1650
1660
1670
1680
1690
1700

1710
1720

1730

1740
1750
1760

1770

1780

IF IBCW(I)=11 THEN GOTO 1520 ELSE IF IBCW(I)=12 THEN
GOTO 1530 ELSE IF IBCW(I)=13 THEN GOTO 1SS0 ELSE IF
IBCW(I)=14 THEN GOTO 1540 ELSE IF IBCW(I)=10 THEN
GOTO 1560

FOR K=1 TO 4sBMAT(I1,ICOLM+K) =L (I K)1

BMAT (12, ICOLM+K)=BML (I,K)1NEXT Ki1GOTO 1570

FOR K=1 TO 4sBMAT(I1,ICOLM+K)=WL (I,K) 3

BMAT (12, ICOLM+E)=DWL (I ,K) s NEXT K160TO 1570

FOR k=1 TO 4:BMAT(I1,ICOLM+K)=DWL (I K)1

BMAT (12, ICOLM+K)=8HL (I ,K) s NEXT K:GOTD 1570

FOR K=1 TO 4:BMAT(I1,ICOLM+K)=aBML (I ,K)

BMAT(I2, ICOLM+L) =5HL (I k) =WK(I)#WL (I, K ):NEXT K:
GOTO 1570

FOR K=1 TO 4:BMAT(I1,ICOLM+K)=BML (I k)

BMAT (12, ICOLM+K) =SHL (I ,K) sNEXT Ki1GOTO 1570

NEXT 1

IF E(NPL)=0 THEN NECC=4#NPLI ELSE NBCC=2+4#NFL]I
ISS=0:FOR I=1 TO NBCC:FOR J=1 TO NBCC:1ISS=IS58+1:
AA(ISS)=BMAT (J, 1) sNEXT JiNEXT I

IF YEPR$="no" THEN GOTO 1610 ELSE FOR I=i1 TO NECC:FOR
J=1 TO NBCC:PRINT "bmat("3Iz","3sJd")="3sBMAT(I,J)

s $INEXT J:PRINT:I:NEXT I

RETURN

REM SUB. "solves the D.E. for a uniform state of in-
plane stresses'"— srr=-sof (i)#pcrr (i)
KPROB=015SR(I,1)=2+NC: SR(I,2)=2-NC:SR(I,3)=-NC:
SR(I,4)=NC :81(1,1)=0 1SI(1,2)=0:8I(1,3)=0:51(I,4)=0
PRINT:TAB(10)3" i "3 TAB(30)3" a&r "3;TAB(45):" si
"$ PRINT

FOR K=1 TO 4:PRINT;TAB(12): I3 TAB(30) §SR(I,K)
1TAB(43) 3;SI(I,K)YINEXT Ke:PRINT

K=13 JUP=aNNS#2: NNS2=2%#NNS

A(IK,0)=1:FOR J=2 TO JUP STEP 2:J2=J/2
DENOM2=J+SR (I ,K) : DENOM=DENOM2#DENOM2-NC*NC
A(I,,K,J2)=-SOFD(I)*1/DENOM#*A(I ,K,J2~1)

REM PRINT "i="3I,"k="3K,"j="3J,"ali,k,j)="3sA(I,K,J2)
NEXT J:IF K=2 THEN RETURN

KPP=K: JO=0; GOSUE

47303F (I,K)=8SUMIDF (I,t)=D8UM:D2F (I ,K)=D2SUM: DTF (I k) =D3ISUM: D4

F(Il,K )=D4SUM:GOSUE 6290: IF YEPR$="yes" THEN FRINT
"FIILK) JK  "3F(I,K),k

K=2: IF NC:>O THEN GOTD 1770 ELSE EPSS=,0000001:

SR(I 2)=8BR(I,1)+,.0000001:IJUP=NNS21A(I, K,0)=1":

GOSUB 1470

KPP=k 3 JO=0: JMAX=NNS1 GOSUE 4730

FE1=SUM: DFE1=DSUM: D2FE1=D2SUM; DIFE1=D3ISUM: DAFE 1 =D4SUM
F(I,2)=(FE1-F(I,1))/EFSS:DF(1,2)=(DFE1-DF(I,1)) /EPSS:
D2F(1,2)=(D2F E1-D2F(1,1))/EPSSsD3F(1,2)=(D3FEL1~-
D3F(1,1))/EPSS:D4F(1,2)=(D4 FE1-DAF(1,1))/EFSS

1GOSUB 629031 IF YEPRS$="no" THEN GOTO 1910 ELSE

PRINT”f (i k) Jk"sF(I,K) ,K:GOTO 1910

kK=23 IF NC=1 THEN C2=1!:1C1=-C2#«SOFD(I)/A(I,1,0)/4/ (1+NC)
AT LK, )= 11 A(I ,K,0)=a0:G0TO 1820

K=2: IF NC=2 THEN A(I,K,0)=1'1A(I,K,1)=0:C2=-S0OFD(I)/4:
AL K,2)=1!':C1=-C2#8S0FD(I)/4/ (1+NC):160TO 1820
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K=2:1 JUFP=2#NC-4: GOSUB 1670

J=E2¥NC-2:J2=J /23 C2=A (I ,K,J2~1) #SOFD (I) # ( (NC-2) % (NC-2) -
NC#NC) /NC/ (N C-1)/8:A(I,K,J2)=0

J=2#NC: J2=J/2:C1=~C2#S0FD(I)/4/ (1+NC) /A(I,1,0) ¢
A(L,K,J2)=1!

FOR J=2#NC+2 TO NNS2 STEP 2:J1=J-NC#2:JJ2=J1/2:J2=J/2
DAAL=A(I ,1,JJ2)# (J1+SR(I1,1)=1)% (4% (J1+SR(I,1)
)#(J1+8R(1,1)-2)-4%#NC *#NC-SOCFD(I)#»2)
DAAZ2=2#S0FD (1) #(J1+SR(I1,1)-2)#A(I,1,JJ2~1):
DA1=DAA1+DARAZ

ANOQM= (J~=NC) # (J=NC) —NC#NC : DENOM= (J+2-NC) # (J+2~NC) -
NC#NC:A (I ,K,J2)==(C1%*DALl/ANOM+A (I K ,J2-1)*SOFD (1))
/DENOM: NEXT J

SMUL=1:FOR J=1 TO NCi:SMUL=SMUL*RIINEXT J
F(I,3)=C1#F(I,1)+C2#SMUL:

DF(I,3)=C1#DF (1,1)+C2%NC#*#SMUL/RI:

D2F(1,3)=C1#D2F (I1,1)+SMUL*NC#* (NC-1)+#C2/RI/RI1

D3IF(I ,3)=Ci#D3IF(I,1)+C2#NC* (NC-1)# (NC-2) #SMUL/RI/RI/RI:
DAF (1,3)=D4 F(I1,1)%#C1+C2#NC* (NC—1)# (NC-2) % (NC-3) *
SMUL/RI/RI/RI/RI

k=231 IMAX=NNSE: kKPFP=K3 GOSUER 4730

K=2: KKk=31 ID5=1: GOSUE 5050

IF RI=0 THEN GOTO 1930 ELSE IF NC=0 THEN GOTO 1920 ELSE
K=3: POW=-NC: GOSUR 1950:GOTO 1940
IDS=11:8UM=0: D2SUM=0: DSUM=0¢ DISUM=0: D4SUM=01
Ka3sKkK=4:F (I ,KKK)=11DF (I,KKK)=03D2F (I,KKK)=03

D3F (I ,KKK)=0:D4F (1 ,KKK)=0:G50SUB S050:60T0 1940

Ka3sF (I,K)=O0)DF (I ,K)=01D2F (I,K)=02D3F (I ,K)=0:

DAF (I ,K)=01(50SUE 6290: IF YEPR#$="no" THEN GQTO 1940 ELSE
PRINT"$ (i k) 4k"gF (I, K) ,K

K=43 POW=NC: GOSUB 1950: RETURN
F(l,K)=RIPOW:DF (I, ,K)=POW#RI"~(POW-1)1D2F (I ,K)=POW* (FPOW-
1) #RI™(POW=2) 1 D3IF (I ,K) =POW* (POW-1) # (FOW~2) *RI"~ (POW-3)
DAF (I ,K) =FPOW#* (POW—-1) # (POW-2) # (POW-3) #R1 " (POW-4)

GOSUB 6290:1IF YEPR$="no" THEN RETURN ELSE FRINT"f(i,k),k
"sF(I,K),K3RETURN

REM Sub. which calculates the Pcr using Newton-Raphson
iterative algoritmus

EFS=,00001: IEND=30: IER=0: DPCR=. 00001: ISING=0
PCR=PCRO:GOSUR 700:DETO=DET:BEEP:PRINT"det,pcr",DET,PCR
IF ABS(DET)<=.000001 THEN PCR1=PCR:RETURN

FOR IIIT=1 TO IEND

IF PCRO>=FCRSIL AND PCRO<=PCRSIR THEN ISING=1+ISING:GOTO

IF PCRO»=PCRSI2L AND PCRO<=PCRSIZR THEN
ISING=1+ISING: GOTO 2235

PCR=PCRO+DFCR:GOSUB 700:sDDET=(DET-DETO) /DPCR: IF DDET=0
THEN GOTO 2170 ELSE PCR1=PCRO-DETO/DDET

IF PCR1<0O THEN PCR1=FPCRO/2

PCR=PCK1 1 GOSUE

700:DET1=DET: BEEP:PRINT"pcri,det1" ,FCR1,DET1

IF (ABS((PCR1))>1 AND ABS ((FPCR1-FPCRO) /FPCR1)<=100%EFPS)
AND ABS(DET1)<=EPS THEN RETURN

W




P gl Sl W iy " tag

2080

2090

2100

2110

2120

® 2130
2140

2150
2160

2170
2180
2190
® 2200
2210

2220

2230

-~

PACAC AN T N A Sl el b i A S e d el b S il AL o iVl atuls sl = o e S i o et i st Stre e ———T——T—

IF (ABRS(PCR1)<=1 AND ARBRS(PCR1-PCRO)<=100#EFPS) AND

ABS (DET1) <=EPS THEN RETURN

IF (ABS(FCR1) <=ARS (PCRS1) AND ABS (FCRO) >=ABS (PCRSI)) OR
(ABRS (PCR1) »=ABS (PCRSI) AND AERS (PCRO) <=ABS(PCRSI)) THEN
ISING=ISING+1:G0OTO 2180

IF DET1#DETO<0O THEN PCR=(DET1i#PCRO-DETO#PCR1)/(DET1-
DETO) : GOSUR 700:FCR1=PCR:DET1=DET: IF ABS(DET) {=.000001
THEN RETURN

IF (ABS(FCR1) »>=,95#ARS (PCR20) AND

ABS (FCR1)<=1.0S+ABS(FCRZ20)) AND ABRS(DET1) »=.01 THEN
PCR1=(FPCR1+FPCRO) /23s PCR=PLR1:B0SUE 700:DET1=DET:BEEF:
PRINT "Bi-section meth.-pcri,detl ";PCR1{,DETI1
PCR20=PCRO: PCRO=PCR1: DETO=DET1

BEEF: BEEP:FRINT"pcrO="sPCRO,"detO="3DETO,"iiit="3IIIT: IF
ABS (PCRO) <=,005 THEN GOTO 2240

IF (ABS(FPCR1-PCRO)<=,01 AND ABRS(DET1)<=,01) AND
IIIT=IEND THEN RETURN

NEXT IIIT

PRINT "there is no convergance after "3;IEND:"
loops":G0TO 2240

FRINT "the derivative is equal to <«<<< zero >>>» , Try
another intial Pcr":G0OTO 2240

PCRO=PCRSI: FCR=FCRO: GOSUR 700:DETO=DET:BEEP:
PRINT"detsi ,pcrsi" ,DET,PCR

IF ABS(DET)<=,000001 THEN PCR1=PCR:RETURN

IF ISING=1 THEN GOTO 2230

IF ABS(PCRO) >=1 THEN PCRO=3I#PCRSI ELSE IF FCRSI<O THEN
PCRO=~,S55+FCRO ELSE FCRO=,55+PLRO

GOTO 2000

BEEP: BEEPI1BEEP: PRINT “Pcr is in PCRSI="3jPCRSI:;"
neighborhood----<<{<<< please enter your guess

---at least far from pcrsi—-—--":INFUT PCRO:G0TO 1980

BEEP:BEEP: BEEP:PRINT "Fcr is in FPCRSI2=";PCRSIZ2;"
neighborhood-~--<<<<< please enter your guess

-—--at least far from pcrsi---":INFUT PCRO:GOTO 1980
INPUT "<<<{<< input youwr intial guess for the case
>>»>»"3PCRO: GOTO 1980

REM primary analysis using stiffness equations

REM stiffness matrix

FOR I=0 7O NFPL-1

IF I=NPL-1 GOTO 2320

SSR(I)=E(I+1)*BETA(I+1)# (1+FO(I+1)+(1~-FO(I+1))
/BETA(I+1)"2) /R(I+1)/ (BETA(I+1)"2~1)/(1-PO(I+1)"2)
S(I+1,I)=E(I+1)#BETA(I+1) #2/R(I+1)/ (BETA(I+1)"2~-1)/ (1~
PO(I+1)"2): BA(I+1,I1)=S5(I+1,1I)

IF I=0 THEN S(0,0)=-58R(I):60T0O 2370

SSL(D)=E()# (1+FO(I)+BETA(I) 2% (1~

FOCI)))Y /R /(BETACI) "2-1)/(1~-PO (I)™2)
S(I-1,D=E(1)*#2/R(1) /(BETA(I)"2-1)/ (1-PO(I)~2) :8SA(I~
1,1)=5¢(I-1,1)

IF I=NFL-1 GOTO 2350 ELSE GOTO 23640
SSR(NPL-1)=E (NPL) /R(NPL-1)/ (1-PO(NPL))
S(I,I1)=-8SR(I1)-8SL(I)
SA(I,I1)=S(I,I)sNEXT I
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FOR I=0 TO NFL-1:B(I+1)=FPE(I):NEXT I

FOR J=0 TO NPL-1

IF IRES(J)=0 OR IRES(J)=2 THEN GOTQO 2430

FOR I=0 TO NPL-1:SA(I,1)=0:5A(J,1)=0sNEXT I
SA(J,J)=8(J,d):B(J+1)=0

NEXT J

18S=0:FOR I=0 TO NPL-1:FOR J=0 70O NPL-1:I85=188+1:
AA(ISS) =8SA(J, 1) sNEXT J:NEXT I

REM solution of the deformation

N=NFL:GOSUB 2910

FOR I=0 TO NPL-1:U(I)=B(I+1)sNEXT I

IF YEFPR$="yes" THEN GOSUE 3160

REM calculation of stresses and deformation

FOR I=1 TO NPL-1

SOF(I)=E(I)# (1+PO(D) ) * (U(I)-BETA(I) #U(I~-1)) /R(I)
/(BETA(I)"2-1)/(1-PO(I)"2)
SOCF(1)=BETA(I)*E(I)# (1-PO(I))* (-BETA(I)*U(I)+U(I~

1)) *R(I) /7 (BETA(I ) ™2-12/(1-FO(1)"2)
DEC=(R(I-1)-R(I)) /10

FOR J=0 TO 10

RR(I,J>=R(I-1)-DEC*J
SRR(1,J)=-80F (1) +S0OCF (1) /RR(I,J)/RR(1,d)

S00(1,J)==-80F (1)-S0OCF(I1)/RR(I,J)/RR(I,J)

UUCI,, ) =(U(I=-1)#BETA(I) # (1=-R(I)"2/RR(1,J)"2)+U(I} *(R(I~-
1)2/RR(1,J )"2-1))#RR(I,J)/R(1)/(BETA(I)"2-1)

IF I1>0 ANL J=0 AND ABS(SRR(I,0)=-SRR(I-1,10))<=.0000001#
THEN SRR(I,0)=8RR(I-1,10)

NEXT J:NEXT I

REM stresses and deformation in circular part

IF E(NPL)=0 THEN GOTO 2&6%0

FOR J=0 TD S

SRR (NPL ,J) == (NPL) #UJ (NPL-1) /R(NPL-1) / (1-PO(NPL) ) s IF J=0
AND ABS (SRR (NPL ,J)=SRR(NPLI,10);<{=,0000001% THEN

SRR (NFL ,0)=8RR(NPLI,10)

SO0 (NFL ,J)=8SRR(NPL,J)

RR(NFL,J)=R(N=1)=-R(N=-1)*J/5
UUINFL,J)=U(N-1)/R(I-1)#RR(NPL,J)

NEXT J

REM printout of stresses

IF YEPR#$="no" THEN RETURN

IF E(NFL) =0 THEN NFPLMAX=NFL-1 ELSE NPLMAX=NFL

FOR I=1 TO NPLMAX

FRINT:PRINT "Plate no. : "3 I:PRINT:PRINT:FPRINT IF
I=NFL GOTC 2760

SSF$="#4#8, B¥R" : PRINT TAB(20) 1 "no(";Ts"}
SSF£:;SOF (1) :FRINT TAB(20) s"noc("gIg")="
SSF$3S0OCF (1)

IF SOF(I)=0 THEN GOTO 2760 ELSE PRINT TAB(20);
"hbetac (";I:;")=" 3:PRINT USING SSF%;S0CF(I)/8S0OF (1)
IF I=NFL THEN S8J=5 ELSE S5J=10

FRINT:FRINT:PRINT TAB(1O) 3" rr  ":1TARZ2S):" nrr
"¢TAB(4S5) " noo "3TAB(E3) 3" uu  ":PRINT:PRINT
FOR J=0 TO SJ

="3: PRINT USING
1t PRINT USING

. WL LT
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SSPE="###. #88" : PRINT TAB(9);:PRINT USING SSP#3RR(I,J) 31
FRINT TAB(25) ;: FRINT USING SSF#3;SRR(I,J) 31 PRINT
TAB(4%) s : PRINT USING SSP#3;500(1,J) 3 :FPRINT TAB(62) 3 PRINT
USING SSF#$;UU(I,Jd)

NEXT J:NEXT I

FOR I=1 TGO NPLMAX

PRINT #1,:FRINT #1,"Plate no. : "+ 1:PRINT
#1,:PRINT #1,:PRINT #1,:IF I=NPL GOTO 2850
SSPH="#44. ###" 1 PRINT #1, TAB(20) :"no("3Ii")="31:PRINT #1,
USING SSP#:;S0F (1) :FPRINT #1, TAB(20);"noc("3lz")="
$sPRINT #1, USING SSF$;S0CF (1)

IF SOF (I)=0 THEN GOTO 2850 ELSE FRINT #1,TAER(20);
"betac ("3 I3 ")="3:FRINT #1, USING SSP#3;S0OCF(I)/80OF(I)

IF I=NFL THEN SJ=5 ELSE SJ=10

PRINT #1,:FRINT #1,:PRINT #1, TAB(1O) ;" rr "3 TABZS) "
e "3 TAB(4AS) ;" noo "3 TAB(&Z):" wu  "sFRINT #1,
tPRINT #1,

FOR J=0 TO SJ

SSPH="#&#. ##4" :PRINT #1, TAB(F) ;:PRINT #1, USING
SSP$:RR(1,J) s s PRINT #1, TAB(25);:PRINT #1, USING

SSP$; SRR (I,J) 1 s PRINT #1, TAB(45)3:FRINT #1, USING
SSP¥:S00(I,Jd) 3 :PRINT #1, TAB(62);:PRINT #1, USING
SSPFiUUCL,T)

NEXT JsNEXT I

RETURN

REM sub. for solving simulteneous equations(SIMR)
TOL=0: KS8=0:JJ=-N

FOR Jd=1 TO N:JdY=J+1:JJ=JJ+N+1:BIGA=0:1T=JJ-J

FOR I=J TO N:I1J=1T+1:BA=ABS(BIGA)~-ABS (AA(IJ))

IF BA<O THEN GOTO 2960 ELSE GOTO 2970
BIGA=AA(1J) : IMAX=1

NEXT I

BA=ABS(RIGA)-TOL: IF BA<=0 THEN GOTO 2990 ELSE GOTO J000
KS=1:RETURN

Tl=J+N#(J-2) : IT=IMAX-J

FOR KE=J TO N:I1=I1+N:I2=I1+1IT:SAFE=RA(I1):

AACIL) =AA(I2) : AA(I2) =5AFE

AA(I1)=AA(I1) /BIGAINEXT K

SAFE=B(IMAX) : B(IMAX)=B(J) :B(J)=SAFE/BIGA: IN=J-N

IF JN<>0 THEN GOTO 3080 ELSE GOTO =110

I0S=N#*(J-1)

FOR IX=JY TC N:IXJ=IQ8+IX:IT=J~IX

FOR JX=JY TO Nz IXIX=N#(JX-1)+IX:JIX=IXIX+IT:

AA (IXIX)=AA (IXIX) —AA (IXJI) *#AA (JIX) r
NEXT JX =3
BCIX)=B(IX)~B(J)#AA(IXJI) tNEXT IX N
NEXT J -
NY=N~13 IT=N#N X
FOR J=1 TO NY:I1A=IT-J:IE=N-J:IC=N g
FOR k=1 TO J:E(IE)=B(IE)-AA(IA) *B(IC): IA=1A-N: IC=IC- k|
1iNEXT ¥ N
NEXT J ]
RETURN: "END OF SUEROUTINE

,
R

REM printout of result
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3180

3190
F200
210
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T220

3300

3310
3320
3330
2340

3350

32460

IT70
3380

IPRI$S="yes": OSUH &390
PRINT:PRINT:PRINT" Leaagadas data and results

PRINT #1 -PRINT #1,.FRINT #1," <Jadd00gd data and
results xrrErEpEErEYIPRINT #1,
FPRINT TAE(J)-“plate no. "sTAB(18)3;" e "3;TAB(ZIM " po

"sTAB(4S) ;" th "3 TAR(62) ;" beta ":iPRINT
PRINT #1, TABR(S);"plate no. "3;TAR(18):" e “3sTAB(IO)3"
po sTAR(4S) ;" th  ";TABR(LZD) ;" beta ":PRINT #1,

FOR 1 1 TO NPL:PRINT TAB(9) 3 I:TAB(1&) : :FRINT USING
THAH. #HH"E(]) ; tPRINT TAB(31)3:PRINT USING
"HH HRJPO(D) 1 FRINT TAB(42) 3 : PRINT USING
"RBB,BEE" T (D) g

IF I=NPL THEN GOTD 3240 ELSE PRINT TAEB(60);:PRINT USING
"HEH. BB BETA(I)

FRINT #1, TAB(9);I1:TAB(16) 3 :PRINT #1, USING
THRE. BBEIE(D) FRINT #1, TAB(31);:PRINT #1, USING
"HH#,H8POCI) s PRINT #1, TAB(4‘,..PRINT #1, USING
THHE, BRB T (D)

IF I=NPL THEN GOTO 3260 ELSE FPRINT #1, TAR(LQ) 1:PRINT
#1, USING "###, ###";BETA(I)

NEXT I

FRINTI1FPRINT TAER(S):"joint no.";TRAB(18B:3" r "sTAB(IO) 3"
res ";TAB(435);" pe ";TAB(&62) 3" uw ":iPRINT

PRINT #1,:PRINT #1, TAB(S);"joint no.";TAER(1IB) ;" r
":TAB(30) ;" res ";TAB(4D) ;3" pe "3jTAR(62) 1" u ":1PRINT
81,

FOR I=0 TO NPL=-1:PRINT TAEB(9):;I1;TAB(16) 3 :PRINT USING
"HHS, BBE IR (D) 1 FPRINT TAB(31) $IRES (1) ; TAB(42) 3 s PRINT
USING "###.#8#8";PE(]I) 1 : PRINT TAR(50) 3 : FPRINT USING
"HEN, BB U(T)

PRINT #1, TAB(9):I1;:TAR(14&) 3 :PRINT #1, USING
THRH. HHB"IR(I) 3 PRINT #1, TAB(I1)ZIRES(I):TAB(42);:
PRINT #1, U SING "###.#88";:PE(I);3PRINT #1,TABR(60)
tPRINT #1, USING "###.888";0(1)

NEXT I
REM INPUT " 1 to continue';YCON
FPRINT:PRINT:PRINT: PRINT
PRINT #1,:PRINT #1,:PRINT #1,:PRINT #1,:RETURN
REM Soultion of Annular buckling Egquation .The D.E.
being solved is:
REM D.E.=ri"4# (d4+) +2#ri 3% (d3f)—-ri 2% (1+2#nc"2+
betac(i)*(alfa(i)"2)~-r i1"2#alfa(i) "2)#(d2f)+
ri® (1+2#nc™2+betac(i)#alfa(i) “2-ri"2®alfa(i)2)*(
dif)~-(nc"2#(4-nc"2+betac (i) *alfa(i) 2
+ri 2#alfa (i) “2) #(dOf) =0
VAR: RI=r{(i-1) or ri(i)
di=d"i/dri
f=f(r), NC=no. of waves in circumferntial
direction
altati)=sqr(-sof (i) /d(i)) if sof(i)<0Q (tension)
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T390 alfal(i)=sqr(sof(i)/d(i)) i+ sof (i) >0
® (compression)
dlid=e(i)*t (i) "I/12/ (1-po(i)"2)
betac(i)=socf (i) /sof (i) betac(i) >0 means
compression

T400 - betac (1) <0 means tension
betac (i) *alfa (i) "2=spcf (i) /d(i)=sofcd (i)
® 3410 ° DL.E.=ri"4#(d4f)+2#ri 38 (d3f) —-ri 2% (1 +2#nc"2+s50cfd (i)~

ric2#sofd (i) 2)#(d2F)+ri* (1+2%nc"2+s0cfd (i)~
ri 2#sofd(1)*(d1f)-(nc 2% (4=-nc2+spcfd(i)+
ri 2#s0fd (1)) #(d0f) =0
3420 IF SOFD(I) =0 THEN ALFA(I)=SQR(SOFD(I))
I47T0 ' Assuming a power series solution:
fli,k,rid=sumli=0,nnl{ali k,j)*ri (j+sr (i, k)+i*si (i,k))
k=1 to 41
3440 ' calculation of the roots. The indicial eq. is:
1LE.={8-1)"4—-(242#nc"2+g0cfd) % (s—-1) "2+ ((nc—1) "2+
socfd#* (1-nc™2)) =0
3450 ° The roots are calculated in the follwing subroutine
3460 GAMMA(I) =1+NC#NC+S0CFD (1) /2:
ALAMDA (I) =4 #nC*NC+2*NC*«NC#*S0CFD (I »+50C FD(I)#50CFD(I)
/4:REM alamda (1) ={2*NC"2+80CFD(I)/2) "2—4%#NC"2# (NC~2-1)
J470 1IF ALAMDA(I) »O THEN GOTO 2480 ELSE IF ALAMDAC(I) =0 THEN
GOTO 3590 ELSE GOTO 3640
2480 - <4< lamdarQ  FHxrui
3490 PHI1=GAMMA(I)+SRAR (ALAMDA(I) ) :PHIZ=6AMMA (1)~
SOR (ALAMDA(I))
35Q0 IF ABS(PHI1-CINT(FHI1))<=1E-10 THEN PHI1=CINT(PHI1)
3510 IF ABS(PHIZ-CINT(PHIZ))<=1E-10 THEN PHIZ2=CINT(PHIZ2)
3920 IF PHI1>0 THEN FREI=SOR(PHI1):FPIMi=0
3530 IF PHI1=0 THEN FRE1=Q:FIM1=0
3540 IF PHI1Z0O THEN FREL1=0':FIM1=SQR(-FHI1)
I550  IF PHI2:0 THEN FREZ=SGR(PHI2) :FIM2=0
3560  IF PHIZ=0 THEN FPREZ2=0:FIMZ=0
I870 IF PHIZCO THEN FREZ=C(:FIM2=8S0R (-FHIZ)
3580 BOTO 3670
I590 << lamda=0 FxlErii
IL00 PHILI=GAMMA (1) : PHIZ=GAMMA ()
F610 IF FHIL1O THEN PRE1=SQR(PHI1):PIM1=0:
PREZ2=FRE1:PIMZI=PIM1
3&18 IF PHI1=0 THEN PRE1=0:FPIM1=0:PREZI=PRE1:FIM2=FIM1
J020 IF PHIL<O THEN FRE1=C!:FIMI=S0R (-~
PHI1) :PREZ=FREL1:FIM2=PIM1
2630 GOTA 370
3640 <Ll ds lamdadO FRE RN
I650 PRE1=S0R ( (GAMMA (1) +SOR (GAMMA (1) *GAMMA (1) +
ABS (ALAMDA(IN) ) ) /2):  FIMI= SER(-ALAMDA(I) ) /2/PRE1
I660 FREZ2=-PREL1:FIM2=FIMIL
3670 REM Derivation of the roots
680 SR(IL1)=1+FREL1:SI[(1,1)=FIMI1
3690 SR(I,2)=1-FRE1:SI(],2)=~FIM]
3700 SR(I,3)=1+PRE2:SI(I,3)=PIM2
3710 SR(1,4)=1-FRE2:SI(I,4)=~FPIM2




I720

3730
3740

3750
3760

Z770

3780
3790
3800
3800

I810
3820
3830
B840

830

3860

3870

3880
3890

3900
3910

920

3930
3940
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980
3990
4000
4010
4020
4030
4040
4050

4060

IF (PRE2=-FRE1 AND PIM2=FIM1) AND PIMZ< >0 THEN
SR(I,1)=1+FPRE11SI(I,1)=PIMI:SR(I,2)=1+PRE1:5I(I,2)=~
FIM1:SR(I,3)=1 +PRE2:SI(1,3)=PIM2:SR(I,4)=1+FREZ:
SI(I,4)=-FPIM2
REM FOR J=1 TO 4:BIGA=5SR(I,J):FOR K=J TO 4
REM IF BRIGA<=SR(I,.,k) THEN GOTO 2343 ELSE
BIGA=SR ([, k) :8R(I,K)=8R(I,J):SI(I,K)=5I(I,J)
REM K:SR(I,J)=BIGA:NEXT J
PRINT; TAB(1O) 3" 1 "sTAB(ZIOM 3" er "3TAB(45)3" si
":PRINT
FOR k=1 TO 4:FRINT;TAB(12) ;I3 TAR(IO) 3SR(I,K) g
TAB(4S) ;SI (I ,K) e NEXT Ki:PRINT

Calculation of the various solutions
E=1:IF SR(I,1)<= 0 OR SR(I,1)»0 AND SI(I,1)=0 THEN GOTO
ELSE GOTO 3810
GOSUER &60N00:J00(1)=J0:J02=J0/2:A(],1,J02)=1:G0SUE
44650: GOTO 3820
AL, 1, M=1':1A(I,2,0)=0"!:G50SUE 4260:60T0 7880
=2 ° f(i,2)--will be consider for s=sr(i,2) only
IF SR(I,2)<»8R(I,1) THEN GOTO 3840 ELSE GOTO Z8&0
GOSUR 6000: JOO(2)=J0:IF JO>0 AND INDX>Q THEN GOTO 3870
ELSE GOTO ZI8%0
JO=JO0O (INDX) : JO2=J0O/2:A(] ,2,J02)=1:6G0SUB 4&650: IF
ABS(F(I,2)=-F(I, 1))« 1E-10 THEN GOTO 3860 ELSE GOTC 880
JO=JOO (1) /2:A(1,2,J0)=1: IDE=1 1 KKK=13GOSUR $220:G0T)
3880
IF INDX»1 THEN GOTO 3850 ELSE
IDS=1:kKK=INDX3: JO=J0O0 (Kk}¥) : GOSUR 4840:G0T0 880
=3¢ IF ABS(SI(I,3)) >0 THEN GOTO 4010
IF SR(I,3)=8R(I,1) AND SR(I,3)=SR(I,Z2) THEN GOTO 3990
ELSE IF SR(I,Z)=8R(Il,1) THEN kKkk=1 ELSE IF
SR(I,3)=8SR(I,2) THEN KKkK=2 ELSE GOTO 3910
G0TQ 4000
BOSUR &000:JOO(I)=J0: IF JO:0 AND INDX>O THEN GOTO 3I9%0
ELSE GOTD 3920
JO=JOO(KKE) /72:A(I,3,0)=1"!:605UR 4650: IF ABS(F(Il,3)~
F(I,1))<=1E-10 THEN KKk=1:G60TO 3980
IF ABS(F(I,3)-F(I,2))<=1E-10 THEN KkK=2: GOTO 3980
GOTO 4040
IF IND(1) >0 THEN KKK=1:60T0 I980
IF IND((2) 0 THEN WEKK=3I:6CTO 3980
IF IND(3) >0 OR IND(4) 0O THEN Kkk=ZT:60TO 3920
JO=JOO(KKK) /2:A(1,3,J0)=1:IDS=1:6G0SUE 4840:G0T0O 4040
KKK=1:J0=J00 (1) /2:A(I,3,0)=1: IDS=2:GOSUR S220:60T0O 4040
JO=JOO(KKE) /2:A(1 ,57,J0)=1: IDS=1:G0SUB S220:6G0T0 4040
IF SR(I,3)=8R(I,1) AND SI(I,3)=51(I,1) THEN GOTO 403F0
A(I,3,0)=1:A(1,4,0)=0:60SUB 4260:G0T0 4220
A(I T, 0=1:R(]1,4,0)=0;G08UE 4260:G0T0 4220
K=4: ‘f(i,4 will be considered only for s=sr(i,4) only
IF (SR(I,4)<*8BR(I,1)) AND (SR(I,4)< »SR(I1,2)) AND
(SR(I,4)<>*8R(I,3)) THEN GOTO 4110
IF SR(I,4)=SR(I,1) AND SR(I,4)=5R(I,2) AND
SR(1,4)=8R(I,3) THEN GOTO 4180

Ll

W
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4070 IF SR(I,4)=SR(I,1) THEN KKK=1 ELSE IF SR(1,4)=8R(I1,2)
THEN kkk=2 ELSE IF SR(I,4)=8R(I,3) THEN KKK=3 ELSE GOTD

L 4090
4080 GOTO 4200
4090 IF (SR(I,4)=8R(I,1) AND SR(I,4)=8R(I1,2)) THEN KKK=1
ELSE IF (SR(I1,4)=8R(I,3) AND SR(I,4)=5R(I1,1)) THEN Kkk=1
ELSE IF (SR(I,4)=SR(I,2) AND SR(I,4)=SR(I,3)) THEN KEK=2
® ELSE GOTO 4220

4100 G0OTD 4190
4110 BOSUER 6000:J00(4)=J0OsIF JO>O AND INDX:»0O THEN GOTO 4120
ELSE 4160
4120 FOR TIII=1 TO 3I:.F INDC(III) >0 THEN kKkE=I1I1:G60T0O 4150
4170 NEXY III
P 4140 IF IND(4) »0 THEN kKEK=4:6G0TO 4160
4150 A(I,4,0)=1"':1DS=1:G0OSUR 4840:G0TO 4220
41460 JO=J00(4)/2:A(1,4,J0)=1!:608UB 46530:FOR Il1I=1 TO Z:1IF
ABS(F(1,4)-F(I,1I0))<=1E-10 THEN KKK=III1:G0TQ 4210
4170 NEXT III:GOTO 4220
4190 JO=JOo0((1)/2:A(1,4,J0)=1"':IDS=3:KKK=1:608SUE 5220:G0TO
< 4220
4190 JO=JOO(KEK) /23A(]1,4,J0)=1"':IDS=2:GOSUE 5220:G0TO 422C
4200 JO=JO0(FEEK) /2:A(1,4,J0)=1!:IDS=1:608UB S220:G0T0 4220
4210 JO=JOO(KKR) /2:A (] ,4,J02=1"':1IDS=1:160SUR S220:G0T0 4220
4220 IF YEPR$#="no" THEN RETURNMN ELSE FRINT:;TAE(S):" 1
"sTAB(20) ;" fi  V"iTABR(3IS) 3" dfi "s TAE(SO) 3" dZ -1
© "1 TAB(6S) 1" d3fi  ":PRINT
4230 FOR K=1 TO 4:PRINT;TAR(S) ;I3 TAB(17)sF (I ,K) 3 TAB(30);
DF(I,E)sTAB(47) 1D2F (I LK)3;T ABR(&65) 4D3F (I ,K) sNEXT
KaFPRINT
4240 REM FOR K=1 TO 4:FRINT #2,"i k,F(I,E) D2F(I,K),
JIF(L LK) (daf (i,k)
o "o I K GF (I k) DF (I k)Y ,D2F (I ,K) D3F(I,K) DAF(I,K):
NEXT K:sFRINT
4250 RETURN
4260 REM Solution with s=sr+i#*si (Reccurrence formula)
4270 NNS2=2#NNS:FOR J=2 TO NNS2 STEF 2:J2=J/2
4280 ANOMR1=J-2+SR(I,K):ANOMI1=81{I,K)
¢ 4290 ANDMR=ANOMFR 1 +*ANOMR1-ANOMI 1 *ANOMI1-
NC#*NC : ANOMI=2+ANOMR 1 #ANOMI 1
4700 IF (ANOMR=0Q AND ANOMI=(Q) OR SOFD(I)=0 THEN
Al KJ2)=01A(I K+1,J2)=0:G0T0Q 4380
4310 DENOMR2=J-1+SR(I,K) :DENOMIZ2=SI (I ,K)
4320 TIR1=DENOMR2*DENOMR 2=
¢ DENOMIZ2*#DENOMIZ2: TII1=2#DENOMRZ*DENOMI 2
I30 TIRZ=TIRI*#TIRI-TII1*TII1:TIIZ2=2#TIL1#TIR1
4340 DENOMR=TIR2Z2-2#GAMMA(I)*TIR1+ (1-NC*NC)#* (1~
NC®#NC+SOCFD (1)) : DENOMI=TI I2-2#GAMMA(I)*TII1:
DNOR=DENCMR#*DENOMR+DENOMI #DENOMI
250 ARR=-8S0FD (1) #» (DENDMR*ANOMR+DENOMI *ANOMI ) /DNOR
( 47360 AlII=~S0FD (1) % (DENOMR*ANOMI-DENOMI#ANOMR) /DNOR
4370 ACL kL, I2)=ARR*A (I ,k ,J2-1)-ATI*A(I ,kK+1 ,J2~
1):A(I k+1,J2)=A11I+A(1,K, J2-1)+ARR*A (I ,k+1,J2-1)
4380 NEXT J
4790 k=K1 IJMAX=NNS: kKPPF=K:JO=0: G0SUR S370

---------------------------------------------
-----------
...........



4400

4410
4420

4430

4440
4450
44460
4470

4480

4450

4500

4510
4520
4530

4540

43570
4580
4590
44600
44610
4420
44730

44490
44650
4460
4670

4480

44690

4700

...............

SU(1)=8UM:DSU (1)=DSUM: D28U (1) =D2SUM: D3ISU (1) =D3ISUM:
D4SU(1)=D45 UM
K=k+1:1 JMAX=NNS: KFF=ks JO=0: GOSUB 5370
SU(2)=8UM: DSU (2)=DSUM: D28U (2) =D2SUM: DISU (2) =D35UM:
D4SU (2)=D4S UM
E=k=116(1)=COS(SI(I,k)#LOG(RI)):
G(2)=SIN(SI(I,k)#LOG(RI))
DE(1)=~-8I(I,k)*6(2)/RI1:DG(Q)=8I(I,K)*GE(1)/RI
D2G(1)=-8I(I,k)#DG(2) /RI+SI(I,K)*#G(2) /RI/RI

26(2) =8I (1 ,k)*DG (1) /RI-SI(I,k)*G(1)/RI/RI
D3IG(1)=-SI(I,k)*#D2G(2) /RI+2*SI(1,K)#DG(2)/RI/RI-
2#9T (I ,K) %G (2)/RI/ RI/RI

IG(2)=8I(1,K)#D2G (1) /RI-
2#SI(I,K)#DG (1) /RI/RI+2*#SI (I k) *G (1) /RI/R I/RI
DAG(1)=~SI(I1,K)*D3G(2) /RI+Z%SI (I ,K)*D2G(2)/RI/RI~-
6#S51 (I, K)#DG(2) /R I/RI/RI+&#SI (I, ,K)#6(2)/RI/RI/RI/RI
DAG(2)=8I(I,K)#*D3IG(1) /RI-
I#SI(I,K)#D2G (1) /RI/RI+6#8I(I,K)*DG(1)/RI /RI/RI-
6#SI (1 ,K)*GE(1)/RI/RI/RI/RI

HS=03 FOR IH=1 TO 2:FOR JJIH=1 TO 2:HS=HS+!1
HHS) =SU(IH) *G(JJH)

DH(HS) =DSU(IH) #*G(JJH) +SU(IH) #*DG (JJIH)
D2H (HS) =D2SU(IH) #*G (JJIH) +2#DSU (IH) #*DG (JJH) +
SUCIH) #D2G (JJH)

DIH(HS) =DISUCIH) #G(JJH) +3+#D2SU (IH) #*DG (JJH) +
Z#DSU(CIH) #D2G(JJIH) +8U(I H)*D3IG(JJIH)

D4H (HS) =D4ASUCIH) #G (JJIH) +4#D3ISU(IH) #DG (JJH) +
6#D2SU (IH) #D2G (JJH ) +4#DSU(IH) #D3IG (JJIH) +

SU(IH) #D4G(JJIH)
NEXT JJH:NEXT IH
FUI,k+1)=H(1)=-H(4):F (I, ,K)=H(2)+H(3)
DF(Il,k+1)=DH(1)~DH(4) :DF (I ,k)=DH(2)+DH(3)

D2F (I ,k+1)=D2H (1) -D2H{(4) : D2F (I ,K)=D2H (2) +D2H (Z)
DIF(I,KE+1)=D3H(1)~D3H(4) :DIF (I ,K)=DIH(Z) +D3IH(3I)

DAF (I ,k+1)=D4H (1) ~-D4H(4) : D4F (I ,K) =D4H(2) +D4H (3}
GOSUR 62203 k=k+1:G605UB 6290:k=k~-1:1IF YEPR$="no" THEN
RETURN ELSE PRINT"k k+1,f (i ,k),f(i,k+1)

"ek KL FCI LK) GFCI JK+1)

RETURN

REM Reccurrence formula and solution for s=sr
NNS2=2#NNS: FOR J=2+J0 TO NNS2 STEF 2:J2=J/2
ANOM1i=J+SR (] ,K)~2: ANOM=ANOM1 #*ANOM1~-NC#*#NC3: IF AMOM=0O OR
SOFD(I)=0 THEN A(I,k,J2)=0:G0TQ 4710
SS=J+SR(I,K) :851=J+SR(I ,K)-1:582=J+SR(I,K)~
2:883=J+SR (1 ,K)~TF: SNN=1+2#NC*NC+S0CFD(I) 1
DENOM=SS#8S1#SS2#SST+2#55 #8551 #S52~-ENN#SS#SS | +SNN#SS~
NC#NC#* (4-NC*NC+S0CFD(I))

IF AC(I Kk ,J2-1)< >0 THEN A(I,k,J2)=-
SOFD (1) %ANOM/DENOM*A (I ,k,J2~-1) ELSE A(I,K,J2)=0

REM DENOM1i=J+S5R(I,k)—-1: DENOM=(DENOM1*DENCM] - e
FHIL1)* (DENOM1*DENOMI~-FHIZ) tIF AT K ,J2=-1)« =0 THEN
AT K ,J2)=-80FD (1) *aNOM/DENOM#A (I ,k ,J2-1) ELSE
A(T,,K,J2)=0
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NEXT J:REM PRINT ANOM,DENOM: PRINT
"i=ty I, k=R, "ja" s d, "a(l Lk, J2)="3A(]l ,K,J2) :NEXT J
GOTO 4830:REM PRINT
#2,"a("3Ig", " Kg","gJO")="1A(I,K,J0)1GOTO 4080

JMAX=NNS: GOSUE S3I701RETURN
NNS2=2%NNS: SUM=0: DSUM=01t D2SUM=01: DISUM=0: D4SUM=0: FOR J=J0
TO NNS2 STEP 2:32=J/2
SUM=SUM+A (I, Kk ,I2)#RI"~(J+SR(I,KPF))
DSUM=DSUM+A (I ,k ,J2) # (J+5R (I ,KPP) ) #RI™ (J+SR (I ,KFPF)-1)
D2SUM=D2SUM+A (] Kk ,J2) # (J+SRI{I KPP} ) *# (J+SR({I,KFF)~
1) #*RI“(J+SR(I KPP )-2)
D3ISUM=DISUM+A (I K ,J2) # (J+SR(I KPP} ) *# (J+8R (] ,KPP) -
1) % (J+SR (I ,KPP) -2 ) #RI™ (J+SR(I,KPF)-3)
DASUM=D4SUM+A (I ,K ,J2) *# (J+8R(I,KPF) ) # (J+SR (I ,kFP)~
1) # (J+SR(I,KPP) =2 ) # (J+SR (I ,KPF)-2) *RI™ (J+SR(I,KFF)~4)
REM PRINT "k ,kpp,SUM,DSUM,DZSUM,DISUM,J" ;K (KPP, 5UM,
DSUM,D25UM,D3S5UM, D48 UM,J
NEXT J
RETURN
KPP=k: GOSUR
F(I k)=8UM:DF (I ,k)=DSUM:D2F (I ,k)=D2SUM:D3F (I,k)=DISUM:D4
F(I,k )»=D4SUM:GOSUE 6290: IF YEFR#%="no" THEN RETURN ELSE
FRINT "F(I,K) K "3F(I,K) , K:RETURN
REM Reccurrence formula and solution using
D ndsF/DS"nds. Nds=no. of differentiation
NNSZ2=2#NNS: FOR J=2+J0 TO NNS2 STEP 2:J2=J/2
ANOM1=J+5R (1 ,KKK) -231 ANOM=ANOM1 *ANOM1~NC*NC: IF ANOM=0 OR
SOFD(I)=0 THEN
AAA(J2)=0:DA(J2)=0:1D2A(J2)=0:DIA(J2)=0:6OTD 4930
DNOM=2#NOM1 : D2NOM=2: DINOM=0
DENOM2=J+SR (I ,KKK) —1: DENOM1=DENOM22~
GAMMA (1) : DENOM=1/ (DENOM1~2-AL AMDA(I})
DDENOM=22%#DENOM1 #2#DENOMZ : DZ2DENOM=4% (2#DENCOM22+DENOM1)
: DIDEND M=4%( 4#DENCOMZ+2#DENOMZ) : AAA (J 2} =NCM=DENOM
DA(J2) = (DNOM*DENOM~-NOM#DDENOM#DENOM™2) : IF IDS=1 THEN
GOTO 4930
D2A(J2) = (D2NOM*DENOM-2%DNOM*DDENOM*DENOM--2-
NOM*DZ2DENOM#DENOM“2+2%#N OM#*DDENOM“2#DENOM™3) : IF 1DS=2
THEN GDOTO 4930

JA(J2) = (DINOM#DENDM—-3%D2NOM*DDENOM*DENOM ™2~
F#DNOM#*DZDENOM*DENOM ™2
+6#DNOM*DDENOM ™ 2#DENOM ™ I+6#NOM*DZ2DENOM*DDENOM*DENOM 5~
NOM#D3ID ENCM#DENOM™2—-&#NOM*DDENOM I #DENGOM4)
NEXT J:REM FRINT "j,nom,nomi,dencm,da(jl),aaa(j)
"33 ,NOM,NOML1 ,DENOM, DA (J2) ,ARA(JIZ) : NEXT J
JOR=JO+231J022=J02/21A(I K ,JOR2)=-80FD(I) #*DA(JO22) : IF
IDS=2 THEN A(I,K,J022)=-80FD(I)*D2A(J0O22) ELSE IF ID&=3
THEN A(T,k,J022)=-DIA(JO22) ¥*SOFD (1)
NNS2=2#NNS: FOR J=4+J0 TO NNS2 STEF
2:J2=J/2: SUMD=0: SUM2D=02 SUMID=0: FOR LL=J0O+2 TO J STEF
2:LL2=LL/2: IF AAA(LLZY =0 AND DA(LL2)=0 AND DIZA(LLI) =0
AND DZA(LLZY) =0 THEN GQTO S0Z0
SUMD=8SUMD+DA (LL2) /ARA (LL2): IF IDS=1 THEN GOTO 4990
SUM2D=SUM2D+D2A (LL2) /DA(LLY) : IF IDS=2 THEN GOTO 4990
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4980
4990
S000
S010
5020
S0O30
5040
SO50
S060
S5C70
S080
SO90
5100
3110
5120

9130

5140

S160

3170

2180
5190
S200

S210
S220
5230
240

2250

2260
=270

SUMID=SUMID+D3A(LL2) /D2A(LL2)

NEXT LL

ACI K ,J2)=SUMD*A (1 ,kKKK,J2):IF IDS=1 THEN GOTO 30303’
a=da/ds

A(ILK,J2)=8UM2D*A(I Kk ,J2): IF IDS=2 THEN GOTO S020: °
a=d2a/d2s

AL K,J2)=8UMID*A (] KKK ,J2) :t° A
=D2A/D2S

NEXT J:REM FRINT

"da(jid) ,aaa(j2) ,i"3DAGI2) ,AAA(JZ) ,J:FRINT

"=t I, k=gl ="y T, "all k,i2)="3A(I K ,J2) :NEXT J
JO2=J0/2:A(I ,K,J0) =0 KPP=KKK:1GOSUB 4730

IF RI<=.,000001 THEN BO=0 ELSE BO=LOCG(RI)“IDS

IF RI=«<.000001 OR IDS-1<0 OR LOG(RI)=0 THEN E1=0 ELSE
El=LOG(RI) ™ (IDS~-1)

IF RI=+,000001 OR ID8-2<0 OR LOG(RI)=0 THEN B2=0 ELSE
B2=LOG(RI) ™ (I1DS-2)

IF RI<=,0000C1 OR IDS-3<0 OR LOG(RI)=0 THEN EB3=(0 ELSE
B3=LOG(RI) ™ (IDS~-3)

IF RIC=.000001 OR ID8E-4<0 OR LOG(RI)=0 THEN BR4=0 ELSE
B4=L0OG(RI)~(IDS~-4)

FOTI k) =F (I ,KKK) *RBO+SUM

DF (I,E)=DF (1 ,kEE) #BO+DSUM+F (I KEkEK) #IDS*B1/RI

D2G=1DS* (IDS-1)#B2/RI/RI+IDS*B1* (-1 /RI)/RI
D3IGE=1IDS#(IDS—1)# (IDS-2) #B3/RI/RI/RI-Z#IDS* (IDS-
1)#B2/RI/RI/RI+1IDS# Bi#2Z/RI™3

DAG=IDS* (IDS—1) #(IDS-2) # (IDS-3) #B4/RI1"4-6*#1DS* (IDS~
1Y% (IDS-2)#B3I/R 1™4+11#IDS#(IDS-1)#B2/RI1"4-
IDS*B1*6/R1™4

D2F (I ,K)=D2F (I ,KKE) #LOG (RI) ~IDS+2#DF (I ,KKEK)
#IDS#B1/RI+F (I,kKk )#D26G +D2SUM
D3IF(I,k)=D3IF (I, kKK)#L0OG(RI)“IDS+3I#D2F (I ,KKlk)
#IDS*BE1/RI+JI#DF (I ,kEK) #D26G+F (I ,KKK) *DZG+D3ISUM

DAF (I ,K)=D4F (I ,KKE) *LOG(RI) “IDS+

A#DIF (1, KF) *IDE#B1/RI+&*D2F ( I, KKK

) #D2G+4#DF (I K KK) #DIG+F (I, KKE) #DA4G+D45UM

GOSUR 6290

IF YEPR#$="no" THEN RETURN

PRINT "k, ,F(I,K),DF(I,kr) D2F(I,¥) ,DIF(I,K),

da4+ (1 ,k) KKK ,BO,Bl1,B2,87, B4,DG ,D2G,D3G,d4g" sk

WF (I kD) JDF (T LK) ,D2F (I ,K) yD3IF (I, k) ,D4F (I ,K) JKKK
yBO,B1,B2,B3,B4,D6,D26,D3G,D4G: PRINT "—~——w—— RI="3;RI
RETURN

REM Solution for equal roots
NNSZ=2#NNS: FOR J=0 TO NNS2Z STEP 2:Jd2=J/2
DAAL=A(I KKK J2) # (J+SR (I, KKk ) -

1) # (4% (J+SR(I,KEK) ) # (J+SR (I ,KKK) -2) —4%NC*NC-SOCFD (I) %2)
IF J=0 THEN GOTO 5260 ELSE DAAR=Z2#S0FD(I)* (J+SR(I,kkKkK) -
2)#A1 KKK ,J2-1) : DA1=DRA1I+DAA2

ANOM1=J+SR (I ,K)=2: ANOM=ANOM] *ANOM1 -NC*NC
SS=J+SR(1,K):18S51=J+SR (1 ,k)—-1:552=J+SR (I ,K)~-

2:587=J+SR (I ,K)=T: ENN=1+2#NC#NC+SOCFD (1) :

DENOM=SG#SS 1 #SS2#583+2#55 #6881 #6552 ~-SNN#55#58 1 +SNN#S5-
NC#NC# (4-NC#NC+S0CFD (1))
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5280

5290
5300
5310
5320

S330
59340
5350
5360
5370

5380
5390
S400

5410

5420

S430
S440
5450

S460

5470
5480
5490
SO0
5510

5320

5930
540
5550
5560
53570
3580
5590
5600
5610
5620
S630
S640
5650

5660
5670
5680

IF J>2 THEN GOTO 5330

IF J=0 AND DAA1=0 THEN GOTO 5340 ELSE IF J=0 AND DAA1+ >0

THEN FRINT "TRY ADDITIONAL TERMS":BEEF:BEEF:BREEFP:STOP
IF J=2 AND (DENOM=0 AND ANOM=0Q) THEN PRINT "try
additional terms"i1BEEF:BEEP:BEEP:STOP
IF J=2 AND DENOM=0 THEN A(I, Kk ,0)=-
DA1/SOFD(1) /ANOM: A(I (K ,J2)=1!
IF J=2 AND DENQOM< =0 THEN A(I kK ,0)=01A(I,K,J2)=~
DA1/DENOM
AL K,J2)=~(DAL+A(] ,K,J2=-1)#SOFD(I) +ANOM) /DENOM
NEXT J
KPP=K: GOSUE 4730
GOSUR 3S050:RETURN
REM Sub. Evaluate a polynom at r=ri using nested
procedure
REM VAR: jma , jO,a (i k,32) ,k,kpp
SUM=0: DSUM=03: D2SUM=0: DFSUM=0: D4SUM=0: JI=JMAX
JI2=JI#23 R0=A(] K ,JJ) 1 8J5=JJL+SR (I ,KFF) 2
DAO=SJS#A0: D2AO=DAO* ( SJS-~1 ) :DIAO=D2AO* (5IS5~
2) 1 DAAO=DTIA0OX (5JS~3)
SUM=SUM*RI#*RI+AQ: DSUM=DSUM*RI#RI+DAO:
2S5UM=D2SUM#R I #RI+D2A01 DISUM=DISUM*RI®*RI+DIA0:
D4ASUM=D4SUM*RI*RI+D4A0
REM PRINT "k,kpp,SUM,DSUM,D2SUM,D3ISUM,d4sum,J 3"
kK ,KPP,SUM,DSUM,D2SUM,D3 SUM,D 45UM,JJ
IF JJd=«<0 THEN GOTO 3450
JJ=JJ-1:60T0 5400
IF SR(I,KPP)<O THEN SFO=1/RI™ABS(SR(I,KFF)) ELSE
SPO=RI™SR (I ,KPP)
SUM=SFO#SUM: DSUM=SFO#DSUM/R1: D2SUM=8SFO*DZSUM/RI/RI
1 D3SUM=SFO* D3SUM /RI/RI/RI1:D4SUM=SPO#D4SUM/RI/RI/RI/RI
RETURN
REM data for a run
‘DATA 1,.2,1
" DATA 1,.2,1

DATA 1,.2,1

DATA 1,.2,1

DATA 4,3,2,1
* DATA 2,0,0,1,0,0,0,0
' data for two part plate’
DATA "aaa"
DATA 2,30,6
DATA 2,2
DATA 1,.3000000,1,
DATA 1,.3000000,1,
DATA 1.00001,,500
DATA 2,1,0,0
DATA ©,10
REM Invert of a matrix
'Var.: aA(n)=Input matrix destroyed in computation and
replaced by resultant invrese (columnwise)
REM N= order of matrix A. (not columnwise)
‘ det= resultant determinant

L= WORK. VECTOR OF LENGTH N
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S690 M= WORK VECTOR OF LENGTH N

S700 - dim af(n),rl{n),rmdn)

9710 DET=1!:NkK=~N

S720 FOR k=1 TO N:Nk=Nk+N:L (K)=K:M(K) =Kz FK=NK+k:BIGA=AA (Kk)

S730 FOR J=k TO N:IZ=N#(J~1):1FOR I=k TO N:I1J=IZ+I]

5740 IF (ABS(BIGA)-ABS(AA(1J))) »=0 THEN GOTO 5750 ELSE
BIGA=AA(IJ) tL(K)=T:M(K)=J

8750 NEXT I:NEXT J

S760 I=L (D IF (J-k) <=0 THEN GOTO 3780 ELSE kKI=k-N

S770 FOR I=1 TO N:KI=KI+N:HOLD=-AA(KI):JI=kI~
K+J1AAKI)=AA(II) :AA(JI]) =HOLD: NEXT I

S780 I=M(K):IF (I-k)<=0 THEN GOTO S80OO0

5790 JP=N#(I-1):FOR J=1 TO N:JK=NK+J:JI=JP+J:HOLD=-
AA (JK) s AA(IE) =AA(JL) s AA(J 1) =HOLD: NEXT J

5800 IF BIGA<»Q THEN GOTO 5810 ELSE DET=0!:RETURN

5810 FOR I=1 TO N:IF (I-kK)=0 THEN GOTO S820 ELSE
IK=NK+I: AA(IK) =AA(IK) / (~BIGA)

5820 NEXT 1

5830 FOR I=1 TO N:Ik=NKk+I:HOLD=AA(IK):IJ=I~-N

S840 FOR J=1 TO N:IJ=IJ+N:IF (I-k)=0 THEN GOTO Z850 ELSE IF
(J-K)=0 THEN GOTO =850 ELSE KJI=I1J-
I+K: AA(TJ) =HOLD*AA (KJ) +AA(IJ)

5830 NEXT J:NEXT I

9860 KJI=K~-N:FOR J=1 TO N:kKJI=KJ+N:IF (J=k)<x0 THEN
AA (KJ)=AA(KJ) /RIGA

5870 NEXT J

5880 DET=DET*EBIGA

3890 AA(KK)=1/BIGA

S900 NEXT K

59210 k=N

9920 kK=k-1

8930 IF K=<0 THEN GOTO 5990 ELSE I=L (K)

5940 IF (I-K)<=0 THEN GOTO 5960 ELSE J@=N#*(k~-1):JR=N#*(I-1)

5950 FOR J=1 TO N3sJk=J0+J:HOLD=AA(JK) : JI=JR+J 1 AA (JK) =~
AA(JI) :AA(II)=HOLD:NEXT J

960 J=M(kK):IF (J-kK)<=0 THEN GOTO 5920 ELSE KI=k-N

5970 FOR I=1 TO N:KI=KI+N:HOLD=AA(KI):JI=kI-K+J:tAA(K]) =~
AA(IID) : AA(JI) =HOLDsNEXT I

3980 GOTO 5920

5970 RETURN

6000 REM Sub. for checking case of denom=0(s=sr only)

6010 ' VAR: prel,pre2,hijl,hi2,hi3yhid4,ih1,3h2,ih3, jha,
indl,ind2,ind3,ind4

6020 HI(1)=1~-8SR(I,k)-PREZ2: JH(1)=CINT(HJ (1)) :HJ(2)=1~
SR(I,K)+PRE2:JH(2)= CINT(HJ(2)) ﬁ

6030 HI(3)=1-8R(1,,k)-PREL1:JH(Z)=CINT(HI(3)):HI (4) =1~
SR(I,K)+PRE1:JH(4)= CINT(HJ(4))

6040 FOR III=1 TO 4:NOMZ=(2-SR(I,K)-2)2~-NC™2

6050 IF ABS(HI(IID) ~JH(III))«<=1E-0B8 AND(JH(III) »O AND
JHOITI) /2=INT(JH(ITII)/2)) AND NCM2< >0 THEN 3
JO=JH(IID s L(ITID)=dH(ITI):IND(III)=II1:G60TQ 6070

060 INDI(III)=0:J0=0:L(II1I)=0

6070 NEXT III




6080 IF IND(1)<>0 OR IND(2)<x0 OR IND(3)<>0 OR IND(4)< »0 THEN

@ BOTO 4090 ELSE GOTO 6110
6090 INDX=1:RIGA=L(1):FOR III=1 TO 4:31IF BIGA«<L(III) THEN
BIGA=L (III):INDX=I1 .

6100 NEXT III:JO=RIGA

6110 IF YEFR#$="no" THEN RETURN

6120 PRINT JO,INDX,IND¢1) ,IND(2) ,IND(3),IND(4) :RETURN

6130 REM calculation of internal forces at r=ri

6140 7 vars f(i,k) ,df (i,k) ,d2F (1 ,k) ,d3F (1 ,k) ,ri

6150 DW=DF (I k)

6160 BM=—(D2F (I, K)+PO(I) *(DF (I ,K)-NC*NC#*F (I ,k)/RI)/RI)*D(I)

6170 SH=—(DIF (I ,K)+D2F (I ,k) /RI (NC*NC+1)%DF (I ,k) /RI/RI+
2¥NCH*NC*#F (I k) /R I/RI/RI-INDE#NC#NC* (1-FO(I))
#+(DF (LK) /RI/RI-F (I ,E) /RI/RI/RI))#D(1)

6180 IF YEPR#$="no" THEN RETURN ELSE PRINT
"=l k="K, "ri="sRI:PRINT"f (i ,k) ydw,bm,sh";
F(I,K),DW,BEM,8H

6190 RETURN

6200 REM Euplanatiom of the signs for the varios E.C. ,inc.
the needed equationlist 95-1370

6210 REM ibcw(i) meaning graphic not.
equations =——==—= 0 esscce—s | cemeeee e
6220 REM 0 S.5 E. N
WR=0, BMR=0
1 FIXED E. f—————
WR=0, DWR=0
2 F.FIXED E. R e
WR=0 ,SHR=0
6230 REM 3 E.S.S5 E. K ree——e-
BMR=0,SHR-KV (1) #WR=0
4 FREE E.  ==——-
BMR=0 ,5HR=0
6240 REM 10 CONTINQUS J., === =—=—
WRL=0, DWRL=0 ,BMRL =0, SHRL=0 .
11 S.S J. e e e .
WL=0, WR=0 , DWRL=0 , BMRL =0 -
12 FIXED J. —————
WL=0,WR=0, DWL=0, DWR=0
6250 REM 13 E.S.S J. it SAREEE :
WLR=0 , DWRL=0, BMRL =0, SHRL ~vk #WR=0 :
6260 REM (in case of a HOLE) .
6270 REM 11 S.5 e.in M————- .
WR=0 , BMR=0
i2 FIXED e.in === .
WR=0 , DWR=0 :
14 F.FIXED E.in |{l———==- N
WR=0, SHR=0 N
6280 REM 13 £E.8.5 e.in KM————-
BMR=0,SHR-vk (1) #WR=0
10 FREE e.in  —————
BMR=0 ,8HR=0 v

6290 REM Sub. which checks if the solution satisfies the
differential equation
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6360
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65400

6410
6420
64730

6440
L4350
L4600
6470

46480
6490
LS00
&310
6520
&3ST0

6540

6560

&570
6580
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VAR:ri, i, k,s0fd(i),,so0fcd (i), f(i,k)df(i,k),
d2f (i 4k) ,d3€ (1 ,k), d4Ff (i ,k)
DE4=RI#RI*RI*RI#D4F (I k) :DEI=2#RI*RI*RI*DIF (I ,k):DEZ2
RI®RI#* (1+2%#N C*NC+SOCFD(I)-RI*RI*SOFD(I))#D2F (I ,k)
DE1=RI*(1+2*NC*NC#SDCFD(I)+RI*RI*SDFD(I))*DF(I,H)—
(NCH#NC* (4-NC*NC+SOCFD(I)+RI®*RI*SOFD(I)) ) #F (I ,K) 2
DDDD= DEl+DE“+DE +DE4: IF DDDD>»>, 0001 THEN GOTO 4340
FRINT: FRINT s I3 TAR(Z20) s "k="3K 31 TAB (40Q) 3
"de(f (";Is","sk;")=";DE1+DEZ+DE Z+DE4 :FRINT:PRINT
“de(f"3Is","sk;")="3;DEL1+DE2+DEI+DE4;: RETURN
FRINT:PRINT "i="3I3TAR(20);"k="3k 3 TAR(40)
"da(f("3Iz","sK:")="3;DE1+DER+DE 3+DE4
tPRINT:BEEF: BEEPs PRINT "<<d<<<«< you have a mistake
Balarrrr»»t s BEEPs RETURN: STOF
REM printout of then results (FRIMARY and BUCKLING)
REM OPEN “"bi:out.dat" FOR DUTFUT AS #1
REM PE(O)=1:E(2)=1:NPL=2:sRES(0)=0:RES (1) =21

1=II

IBCW(O)=1: IBCW(1)=10:1 BCWGE (Q)=" s IBCWG# (1) ="
"1PE(1) =1

BEEP: BEEFP: BEEP: BEEP

FRINT:FRINT:FRINT" e dadd RESULT

Ea s b E e e PRINT e PRINT

PRINT #1,:FRINT #1,:FRINT #1," cwengas s RESULT
PR »2>" e PRINT #1,:PRINT #1,

PRINT: PRINT” in-plane b.c. "3

FPRINT #1,:FRINT #1," in-plane b.c. "

Sig="~wem "3 E2p="m===="  GME=" " SFE=" | ":5E$="

" SUMEF="": SUMR¥=""

SDE$=" "ISUMLF$=""31SF1$="->": GF2%="<~-" 31 BUMRF $=""

IF E(NFL)=0 THEN NFLMAX=NPL~1 ELSE NFLMAX=NPL

FOR I=1 TO NFLMAX

IF IRES(I-1)=0 THEN SUM$=SUM$+SE$ ELSE IF IRES(I-1)=1
THEN SUM$=SUM$+SF$ ELSE SUM$=SUM$+SM$

IF PE(1-1)=0 THEN SUMLF$=SUMLF$+SE$ ELSE IF PE(I-1) 30
THEN SUMLF$=SUMLF$+SF1$ ELSE SUMLF$=SUMLF$+SF2%

SUMLF $=SUMLF $+SDE$

IF 1/2-INT(1/2)=0 THEN SUM$=SUM$+S2f ELSE SUM$=SUM$+S1$
NEXT I

IF E(NPL)=0 THEN GOTO 6530 ELSE GOTO &550

I=NFL: IF IRES(I-1)=0 THEN SUM$=SUM$+SE$+SDE$ ELSE IF
IRES(I-1)=1 THEN SUM$=SUM$+SF$+SDE$ ELSE
SUM$=5UM$+SM$+SDES

IF FE(I-1)=0 THEN SUMLF$=SUMLF$+SE$+SDE# ELSE IF FE(I-
1) >0 THEN SUMLF$=SUMLF$+SF1$+SDE$ ELSE

SUMLF $=SUMLF $+SF2$+SDE$

IL=LEN(SUMS$) :FOR I=IL TO ! STEP -1:

SUMRF=SUMR$+MID$ (SUM$,1,1)
SFF$=MID$ (SUMLF$,1,1) s IF SFF$="%"

THEN SUMRF#$=SUMRF&+"{"

ELSE IF SFF$="<" THEN SUMRF$=SUMRF$+">" ELSE

SUMRF $=SUMRF $+SFF § 2
NEXT I :ﬂ
FRINT TAB(20) ; SUMS+SUMRS$: PRINT :PRINT " Forces:

"3 TAEB (20) ; SUMLF $+5UMRF &
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6590 PRINT #1,TAB(20) ; SUM$+SUMR$: FRINT #1,:FRINT #1," Forces:
® "3 TAB(20) ; SUMLF$+8UMRF #

6600 PRINT:PRINT" Vertical B.C "3

64610 PRINT #1,:PRINT #1," Vertical E.C "j

6620 Si1$="————e "y §2¢=" ==m=s" ; SUME=""; SUMRS=""
6630 SDE$=" "3 SUMLI$="" 1 SUMLM$="
"3 SUMRJ$=""1 SUMRM$=""3 SDE2$=" "
® 6640 IF E(NPL)=0 THEN NFLMAX=NFL-1 ELSE NPLMAX=NPL

6650 FOR I=1 TO NPLMAX
660 SUMF=SUMS+IBCWGHF (I-1)
6670 SUMLIS=SUMLJI$+STR$ (I-1) +SDE#: SUMLM$=SUMLME+STR$ (1) : IF
I<NFLMAX THEN SUMLM#$=SUMLME+SDEF ELSE
SUMLM$=8UMLM$+SDEZ$
® 6680 IF I/2-INT(I/2)=0 THEN SUME=5UM$+S2¢ ELSE SUMS=SUMF+51#
6690 NEXT 1
6700 IF E(NPL)=0 THEN GOTO 6710 ELSE GOTO 6720
6710 I=NPL:SUM$=SUM$+IBCWG$ (I-1)+"
" SUMLI$=SUMLJI$+STR# (I1—-1) +SDE#: SUMLLME=SUMLME+" 8
6720 IL=LEN(SUM#):FOR I=IL TO 1 STEF -
< 1: SUMR$=8UMRS$+MID% (5UM$,1,1)
6730 SUMRJI$=SUMRJI$+MID$ (SUMLJI$,1,1) :NEXT I
6740 IL=LEN(SUMLM$):FOR I=IL TQ 1 STEF -
1: SUMRM$=SUMRM$+MID$ (SUMLM$,1,1) :NEXT I
6750 PRINT TAB(20) ; SUM$+SUMRS: PRINT
TABR(20) ; SUMLJ$+SUMRJ$: PRINT TAE(20) ; SUMLM$+SUMRMS
o 6760 PRINT #1,TAR(20) ; 5UM$+SUMRS$ I FRINT
#1,TAB(20) s SUMLJI$+SUMRJI$: PRINT #1,TAB (20) ; SUMLM$#+SUMRMSE
6770 IF IPRI#="no" THEN GOTOD 4780 ELSE IFPRI#="no"iRETURN
6780 PRINT:PRINT:FRINT" <<<<{{44<< data and results
2 EE»yEFF PRINT
6790 PRINT #1,:PRINT #1,:PRINT #1," (<< data and

) results >r:>0EEHE>IYIFPRINT #1,
6800 PRINT:PRINT TAB(15) 3" << “3sNAMECH: "
3r3r23"sPRINT
64810 PRINT#1,:FPRINT #1,TARB(15) 3" << "t NAMECS;: "

>3 "ePRINT #1,
6820 SSTHE="HHH. #R{" 1 SS2F="##. #4"
C 6870 PRINT TAB(3IO)3;"nc(no. of mode)="3 NC
6840 PRINT TAB(IO)3"polpoison rat.)="§1FRINT USING SS52#;FCO
6850 PRINT TAB(30) 3 "th(thickness =" s PRINT USING SS28%:T (1)
6860 PRINT #1,TAB(30)i"nc(no. of mode)="3;NC
6870 PRINT #1,TAR(I0)3;"po(poisan rat.)="3:PRINT #1,USING

ki

§52%; POO >
( 6880 PRINT #1,TAB(30)3"th(thickness )="3:PRINT #1,USING i
S52%3 T (1) |
6890 PRINT sPRINT :PRINT TAB(Z20) 3" Buckling Force (Fcr#D/R/R) N
“IPRINT TAB(19) § " e e e e e y
"IPRINT y
6900 PRINT #1,:PRINT #1,:FRINT #1,TAB(20);" Buckling Force
C (Pcr#D/R/R)  "1PRINT #1,TAB(19) §" e e

--------- "IPRINT #1,
6910 IF IYEINTE=1 THEN IYEINTE=0:RETURN




6920

6930

6240
6950

6960
6970

6980

6970
7000

7010
7020
7030
7040
7050
7060
7070

7080
7090

7100
7110

7130
7140

PRINT TAB(1) 1"rl1/r0 \e2/el";TAR(13) : : PRINT USING
SSIF;E22(1) 3 :PRINT TAB(2D) 3 :PRINT USING

SSIHIE22(2) 1 1 PRINT TAB(35) 3 :PRINT USING
SS3$;ER2(T) 3 1 PRINT TAR(45) 3 :PRINT USING SSI¥#3;E22(4)
PRINT TAB(S5) ;1 PRINT USING SSI$;E22(3) ;1 1 FRINT

TAEB (65) 3 :PRINT USING SS3I$;E22(6) 3 s PRINT TAB(72) ; s PRINT
USING SSIT#H;E22(7) :PRINT

FOR IR10=1 TO 9:RRI=IR10/10:PRINT TAB(4);:FRINT USING
SS2%;RR1g

FOR IEZ21=1 TO 7:PRINT TAB(I+IE21%10)3;:FPRINT USING
SSTI#;PCRR(IE2L,IR10) ¥R (O) ¥R (0) 3

NEXT IE21:NEXT IR10

PRINT #1,TAB(1)3"ri/rQ \e2/el";TAB(15) ; : PRINT #1,USING
SSIF;ER2(1) s 1 FRINT  #1,TAB(25) s : PRINT #1,USING
SSI$IE22(2) 3 : PRINT #1,TAB(3D) ;s PRINT #1,USING
SSEFIE22(3) s 1 FRINT #1,TAB(45) 5 :PRINT #1,USING
SS3$E22(4)

FPRINT #1,TAB(55) ;1 :PRINT #1,USING SS5IZ%3E22(S) 3 :PRINT
#1,TAB(65) 3 : PRINT #1 ,USING SSIH;E22(6) ;1 i FRINT
#1,TAR(75) 3 s PRINT #1,USING SE3%;EZ22(7) 1 PRINT

FOR IR10=0 TO 9:RRI=IR10/10:PRINT #1,TAR(4)::FRINT
#1,USING S82%;RRI1}

FOR IE21=1 TO 7:FRINT #1,TAR(I+IE21%10) ; :FRINT #1,USING
SS3$; PCRR(IEZ1,IR10) #R (0) *R () ;

NEXT IE21:NEXT IR10O

RETURN

REM Sub. for printout of normal mode

SS1s="#4#, ##" ; SS2E="H###. $HA" : SETS="HHH#¥# ., HH#H"

PRINT :PRINT TAB(25);" Normal Mode #"i;NCi;" "
PRINT TAB(25) ;" —~—m——mm e e o e e "

PRINT:FPRINT: PRINT

TAB(28) 3 "Pcr="34FPCRR{IR10O,IE21)#R(Q) *R(0O) /13" DO/r (Q) 2"
FCRR1=PCRR(IR10,IE21) : PRINT: PRINT

FRINT TAB(Z) 3"rr"; TAB(14) 3 "Nrr"; TAB(24) 3 "Noo";
TAB(33) s "U(Hor.)"sTAB (43);

"WiVer.)"; TAE(S3) ; "Dw/dr"; TAR(&3) ; "E.mom" 3
TAB(73) 3 "Shear":PRI NT
FOR I=1 TO NPLI:FOR J=0 TO 10

PRINT TAB(1) 3 :iPRINT USING SS1%;RR(I,J)/R(0); :PRINT
TAB(10) s :PRINT USING S52#31PCRR1I#SRR(I,J) 3 s PRINT
TAB(20) s : PRINT USING SS2#3;800(I,J)#*PCRR1;:PRINT
TAB(30) s : FRINT USING 582%3UU(I,J) *PCRR1;

PRINT TAB(40) 3§ :PRINT USING SBT#3Wki(I,J)/WMAX: 1 PRINT
TAB(S0) 3t PRINT USING SSI¥;DWW(I,J)/WMAX3:PRINT
TAB(&60) 3 :PRINT USING SSIF3BMW (I J) /WMAXs:

FRINT TAB(70) 3 :PRINT USING SS3#FiSHW (I ,J) /WMAX: NEXT
JeNEXT 1

IF E(NPL)=0 THEN GOTD 7160 ELSE I=NFL:FDOR J=0 TO S

PRINT TAB(1)3:FPRINT USING S51%:RR(I,J)/R(0) ;i PRINT
TAB(10) 3 s PRINT USING SS2%3;FCRR1I#SRR(I1,J) 3 s PRINT
TAB(20) ; s PRINT USING SS2%;S00(I,J)#FCRR1; :PRINT
TAB (30) 3 :PRINT USING SS24%;UU(I,J) #FCRR1;
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7150 PRINT TAEB(40) ::FPRINT USING SSI$sWW(I,J) /WMAX3 i PRINT
o TAB(SO) 3 1 PRINT USING SS3&;DWW(I,J)/WMAX; ::PRINT
TAB(60) 1 1 PRINT USING SSZE¢BMW(I,J) /WMAX3:
PRINT TAE(70) 3 :FRINT USING S53%3;SHW (I ,J) /WMAX:NEXT J
7160 PRINT #1,:FRINT #1,TAB(25);" Normal Maode #"i;NC:" "
7170 PRINT #1,TAR(28) ;" —————=—=e oo "
7180 PRINT #1,:PRINT #1,:FPRINT
o #1,TAR(Z2B) s "Per="3;FCRR(IR10,IEQ1) *R(O) *R(0) /13"
DO/r (Q) 2"
7190 PRINT #1,:PRINT #1,
7200 PRINT #1,TAR(R) :"rr"3TAB(14) ;"Nrr"; TRE(24) ; "Noo";
TAB(3Z) s "U(Hor.)"; TAB(43) ;"W (Ver.) "s TAR(S3) 3
"Dw/dr" i TAB(A3) ; "B.mom" 3 TAR(732) 3 "Shear ":FRINT #1,
() 7210 FOR I=1 7O NPLI:FOR J=0 TO tO
7220 FRINT #1,TARB(1) ; :PRINT #1,USING
SS1#F:RR(1,J)/R(0) s s FPRINT #1 ,TAB(10) ; sPRINT #! ,USING
SS2$ FCRR1#SRR(I,J) 3 : FRINT #1,TAB(20) 3 s PRINT #1,USING
SS2%:800(1,J)#PCRR1 3 s FRINT #1,TAB(Z0) ; :PRINT #1,USING
882%;UU (I, J) #PCRR1}
€ 7230 PRINT #1,TAE(40) 1 :FPRINT #1,USING
SSIFIWW (I ,J) /WMAX: : PRINT #1,TAR(S0O) s s FRINT #1,USING
SSTHE; DWW (I, J) /WMAX: :FRINT #1,TAB(HO) 3 1 FRINT #1,USING
SS3I$IEMWI(I,J) /WMAXs s PRINT #1,TARB(70) 3 : PRINT #1,USING
SSTFH;SHW (I, J) /WMAX: NEXT J:NEXT I
7240 IF E(NPL)=0 THEN GOTO 7270 ELSE I=NPL:FOR J3=C TO §
o 7250 PRINT #1,TAB(1)3;:FRINT #1,USING
SS1IFRR(I(J)/R(D) 3 s PRINT #1,TAB(10) 1 PRINT #1,USING
SS2%; PCRR1#SRR(I1,J) ;1 PRINT #1,TAB(20) 3 : PRINT #1,USING
SS2%:600(I,J)#PCRR13 1 PRINT #1,TAB(30) 3 : FPRINT #1,USING
SS2#;UU(I,J)*FCRR1;
7260 PRINT #1,TAB(40) 3 s PRINT #1,USING
9 SST$;WW (I, J) /WMAX: : PRINT #1,TAB(SQ) ¢ : PRINT #1,USING
SS3#; DWW (I, J) /WMAX: s PRINT #1,TAR(L0D) ; s FRINT #1,USING
SSTHF;BMW (I ,J) /WMAX;: : FRINT #1 ,TAR(70) 3 :FRINT #1,USING
SSIE;SHW (I ,J) /WMAX I NEXT J
7270 RETURN
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